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ABSTRACT 
 
Soils behave completely differently under different circumstances. For years, we have placed 
a particular effort into investigating how soils deform under load by conducting intensive 
laboratory tests. We have designed a variety of experimental apparatuses with which we tried 
to replicate the true behaviour of soils as they deform in the field. Among those testing 
configurations, the direct shear box and triaxial test devices are the most widely used 
conventional tools we use to determine the shear strength of soils. However, samples in those 
tests can only be sheared under very limited strains as their shape change continuously, thus 
losing the initial geometrical assumptions used to interpret the data. The shear strength at steady 
state conditions, known as critical state, is of importance to many geotechnical problems. Since 
this strength characterises the conditions for the onset of shear-driven natural hazards such as 
landslides, devices are needed that can shear soil samples to their true critical state. The ring 
shear device is one of the only few available large deformation devices that has been developed 
over the years. However, one of its major disadvantages is the imposition of radially dependent 
stress field on the sample due to its circular geometry. 
In this Thesis, we propose a new device which we call the three-dimensional “Stadium Shear 
Device” (3D SSD). Our idea for developing this device is devoted to the study of the shear 
behaviour of soils as they truly enter and remain in their critical state. It is designed in a manner 
that will be shown to impose uniform stress conditions. The device can shear granular systems 
indefinitely, while simultaneously allowing for measurements of shear and normal stresses, 
and the vertical displacement during the tests. We have particularly investigated the 
performance of this device under large shear deformations and low-stress levels, to address 
many applications involving such conditions, including shallow landslides and pipeline 
movements on seabeds.  
The stress conditions developed in this configuration are simulated with a Discrete Element 
Method (DEM) model, with which we get stress responses that are cross-validated with the 
experimental results obtained by the physical 3D SSD. Most importantly, the DEM simulations 
also confirm that the stress uniformity in SSD samples. Using this understanding, we complete 
a Mohr’s circle stress analysis for SSD tests.  
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The performance of the 3D SSD device is first tested with glass beads and Jasmine rice systems, 
from which the effectiveness of this apparatus in capturing the mechanical properties of 
granular media is demonstrated. Furthermore, the device also shows its capability for 
measuring stress responses under different confining pressures. 
We thereafter conducted more robust experiments with a wider range of natural soils with 
various properties, including particle shapes, particle gradations and initial densities. The 
results are compared against results from previous studies, and in general, similar trends are 
observed. In addition, we characterise the shear strength and dilatancy properties of those soils 
under low stresses as these were barely addressed in the past.  
The velocity profiles developed in the 3D SSD are further studied by employing dynamic X-
ray radiography, where a thin shear band is observed to develop close to the shear boundaries 
for systems with relatively small size particles. Hence, a second design is next proposed and 
constructed. The major change from the original design to the modified one is the slenderness 
of the modified SSD samples thanks to the belt configuration. The velocity profile in the 
modified design is then compared to additional X-ray studies with the ring shear device. We 
find a relatively linear velocity profile within the modified 3D SSD, whereas half of the sample 
in depth in the ring shear is hardly sheared under comparable shear velocities. Besides, 
preliminary results related to the particle segregation are also analysed, which show a 
noticeable effect during shear. Given those new results, further investigation into the roles of 
the strain uniformity and segregation are recommended, as this will help to determine more 
accurately the appropriate shear strength properties of granular soils using large deformation 
shear devices. 
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1 INTRODUCTION 
 
The exploration of Earth relentlessly continues. As human beings, we have pushed the 
boundaries of our imagination in the quest and exploration of other celestial bodies. In 1969, 
astronauts from our planet had first stepped on the Moon. Not many knows, but their very first 
experiment in that mission was a rather classical geotechnical analysis – in counting the number 
of times it took to penetrate a flag into the ground, the astronauts mimicked the traditional cone 
penetration test (CPT), with which it was possible to estimate the shear resistance of lunar soils. 
With this, they hoped, the landing of future vehicles on the Moon could be safer. The purpose 
of this Thesis is very much connected to this mark of human ingenuity – as much as CPT told 
us about lunar soil properties, here too we are interested to characterise the shear resistance of 
granular soils. Investigating soil behaviour is so essential for our progress that most of our civil 
structures rely on this knowledge of predicting how soils would behave under unexpected 
conditions.  
However, there are still many unknowns in this field of experimenting with soils, first due to 
their intrinsic granular complexity, and second given the unexpected conditions they might 
have to withstand. For example, we still try to understand the mechanisms developing in the 
ground as debris flows and propagates down steep hillslopes, and we try to characterise the 
movement of offshore pipelines on the seabed as they transport resources onshore. One of the 
key factors for characterising these phenomena is the shear response of granular soils under 
large deformations and low stresses. More specifically, take shallow landslides as an example: 
they occur when the shear stress experienced in the soil mass exceeds its shear strength. In 
cases where the failure develops close to the surface the shear response is governed by 
relatively low stresses, while the mass flows under very large shear displacements, much larger 
than most current experimental techniques allow us to approach.  
Fundamentally, a soil subjected to shear initially exhibits an increase to its shear stress. Under 
continuous monotonic deformation this would continue up to a maximum shear stress level, 
which is commonly called the peak shear strength. With further displacement, the shear stress 
starts to decline until it reaches a steady state value. We call that corresponding value the 
critical state shear strength, or the residual shear strength. There was a time when the 
mainstream in geotechnical engineering was focused on studying mainly the peak shear 
strength of the soil. One may connect this trend to either an underestimation of the importance 
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of residual shear strength, or to practical difficulties in continuing to shear soils under very 
large strains. The importance of the residual shear strength was firstly recognised by Hvorslev 
(1939), who found that the residual strength could be as less as 20% of the peak strength, and 
thus may govern the stability of previously failed structures. In the mid 1690s, evidence has 
shown that the stability of previously non-failed slopes should also be linked to the residual 
(critical state) shear strength (Skempton, 1964; Bjerrum, 1967).  
The most conventional apparatuses for determining the shear strength properties are the direct 
shear and triaxial shear devices, which were originally developed for the study of peak shear 
strength. In those testing configurations, due to several technical reasons, the soil specimens 
can only be sheared to a very limited strain, and the large-strain critical state strength can only 
be determined by extrapolating data outside of their inherent tested strain range. To obtain the 
true shear response of soils under very large shear displacements, researchers have then started 
to creatively devise large shear displacements devices. The ring shear apparatus is one of those 
devices which can perform torsional shear tests on annular soil specimens. The very first idea 
was proposed by a number of independent researchers including Tiedemann, Gruner and 
Haefeli, Colling and Smith, and Hvorslev. Since then, the ring shear device has been developed 
and improved by a number of other researchers. Representatives in terms of the advancement 
of design one could note the modified ring shear device developed by Lagatta (1970) and the 
one jointly developed by the Imperial College and the Norwegian Geotechnical Institute 
(Bishop et al., 1971). Notwithstanding, the cylindrical geometry of the device imposes a 
radially-dependent stress field that can lead to an underestimation of the critical state shear 
strength (Savage and Sayed, 1984). 
In this Thesis, we propose a new device, named the “Stadium Shear Device” (SSD), that can 
impose indefinite shear deformations within granular soils. It has been originally patented for 
testing both disk systems in 2D and granular soils in 3D configurations (Einav et al., 2014). 
Previously, however, only the 2D configuration was successfully constructed and implemented 
for investigating the kinematics of 2D granular materials using image analysis and particle 
tracking techniques (Miller et al., 2013; Rognon et al., 2015). But the actual design, 
construction and experiments with the 3D SSD have never been attempted, let alone 
accomplished. The main objective of this Thesis is to further investigate, develop and construct 
the first working 3D SSD prototype for determining the shear strength of granular soils under 
indefinite, perpetual large deformations and low stress levels. We then relate and compare the 
results obtained by the new device with the associated literature. A wide range of granular 
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materials were tested in this project including glass beads, Jasmine rice, and natural soils with 
various particle shapes, particle size distributions and initial densities. Moreover, using 
dynamic X-ray radiography we further investigate the velocity profiles within the device at the 
continuum local-scale, from which we identify some issues related to the original design; thus, 
we next present a modified version of the original 3D SSD design which can achieve a more 
linear velocity profile across the experimental cell. Besides, particle segregation occurring in 
the device as the sample is being sheared is also discussed in the context of very large 
deformations. This issue has not been generally appreciated in past experimental work, 
especially for any other shear tests in the past, and thus we highlight its great significance as a 
possible source of errors in determining the shear strength of the material.  
In Chapter 2 we review relevant literature on the shear response of soils with different 
properties and briefly outline the development of different shear apparatuses. Chapter 3 
describes the new 3D SSD in great detail, particularly the stress state analysis using Mohr’s 
circle, techniques for preventing small particles escaping from the boundaries and minimising 
mechanical friction effects. A Discrete Element model (DEM) is then created to evaluate the 
capacity of this device, and to confirm the stress uniformity in the central region of the SSD. 
The calibration procedures and experimental protocols developed for this particular device, 
together with the various sample properties are also described in this chapter. In Chapter 4 we 
first present the results of the testing program undertaken to evaluate the 3D SSD, followed by 
comparing the results (shear strength and dilatancy) from the testing of a wide range of 
cohesionless soils against the currently available literature. A discussion on differences and 
possible reasons attributable for such differences are also included. In Chapter 5 we further 
investigate the velocity field in the 3D SSD using dynamic X-ray radiography, including in the 
modified version of the SSD. In both cases the tests are then examined in terms of the velocity 
profiles and the results are compared against ones from the ring shear device. Finally, particle 
segregation in the device is also recognised and some preliminary results are presented, 
together with recommendations for improvements to this device.  
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2 LITERATURE REVIEW 
 
The literature review consists of three main parts: shear strength and dilatancy behaviour of 
cohesionless granular soils, shear rate dependency in granular friction and typical experimental 
set-ups for shear tests.  
We firstly review the shear strength and dilatancy behaviour of sand and gravel with different 
properties that include, for example, particle shape, initial packing state and particle gradation. 
Then, the shear rate dependency in granular friction is reviewed from a granular-physical point 
of view.  Lastly, the development of typical shear devices that follow two categories (small 
strain and large strain) is reviewed along with discussions on their advantages and 
disadvantages.   
2.1 STRENGTH AND DILATANCY OF COHESIONLESS SOILS AT LOW CONFINING 
STRESS 
 
This section includes a comprehensive review and discussion on the shear and dilatancy 
behaviour of various cohesionless soils with different properties. Three soil properties and their 
influence on the soil behaviour are discussed in the following: particle shape, particle size 
distribution and initial relative density.  While the available literature primarily focuses on 
shear behaviour under relatively high normal stress (100 kPa or above), our tests will focus on 
behaviour under low confining stress.  
 
2.1.1 Particle shape 
 
Particle shape is typically characterised by identifying three main scales of descriptors (Wadell, 
1932; Powers, 1953; Barrett, 1980): sphericity, roundness and smoothness. Sphericity is 
defined as the diameter ratio between the largest inscribed sphere and smallest circumscribing 
sphere. Roundness is quantified as the average radius of curvature of surface features relative 
to the radius of the maximum sphere that can be inscribed in the particle. Smoothness describes 
the particle surface texture relative to the radius of the particle. In the current literature, other 
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parameters to describe particle shape include circularity (to quantify how close the shape is to 
a perfect circle), convexity (to measure particle surface roughness) and elongation (opposite to 
aspect ratio).   
Figure 2-1 shows typical particle shapes with low to high sphericity and roundness. Ultimately, 
the shear strength of cohesionless soils is referred to be the result of interparticle friction and 
dilatancy. Taylor (1948) and Rowe (1962) recognised that the mobilised friction angle is 
affected by the sliding resistance at contacts and dilatancy resulting from particle 
rearrangement and overriding each other. Following this particle level mechanism, it is 
reasonable to hypothesise that the angularity and roughness of particles will enhance shear 
resistance and dilatancy. Holtz and Gibbs (1956) concluded that the shear strength of angular 
quarry materials is much higher than the sub-rounded and sub-angular river materials after 
conducting triaxial tests on mixtures of gravel and sand. Li (2013) conducted direct shear box 
tests on mixtures of different proportions of fine and coarse grains and reported that an 
increased elongation or decreased convexity of coarse fraction favoured an increase in the 
critical state friction angle (friction angle measured when the volume of sample remains 
constant under shear).  
Particle shape also affects the attainable maximum and minimum void ratios. Relations 
between shape factors and void ratios are: the maximum and minimum void ratios increase 
with decreased roundness or sphericity, so does the difference between extreme void ratios emax 
- emin (Fraser, 1935; Miura et al., 1998; Cubrinovski and Ishihara, 2002; Santamarina and Cho, 
2004; Cho et al., 2007). This relation is clearly revealed in Cho et al. (2006)’s plots (Figure 
2-2) on the extreme void ratios versus shape factors composing of roundness, sphericity and 
regularity. 
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Figure 2-1. Particles with different sphericity and roundness (Krumbein and Sloss, 1963). 
 
Figure 2-2. Particle shape effect on maximum and minimum void ratios (natural sands with 
ܥ௨ ൑ 2.5) (Cho et al., 2006). 
 
2.1.1.1 Critical state 
 
Experimental evidence proves that the critical state friction angle is a function of not only of 
the interparticle friction but also of the particle shape. Chan and Page (1997) reported a positive 
correlation between critical state friction angle and particle angularity by conducting ring shear 
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tests on three kinds of powders under confining stress of 200 kPa. Koerner (1970) reported that 
the angularity of particles may increase φୡୱ by 8o due to the interlocking of the fabric.  
Cho et al. (2006) conducted shear tests on 17 rushed sands from Georgia (granite and carbonate) 
and 16 natural sands from various places around the world, and on some other materials such 
as glass beads, granite powder and Syncrude tailings. The measured critical state friction angles 
for all samples are plotted against particle roundnesses as shown in Figure 2-3. “S” in the figure 
indicates sphericity. It clearly reveals a decrease in critical state friction angle with an increase 
in particle roundness. A regression linear line and its equation they obtained to fit the trend of 
the measured critical state friction angle versus the roundness of particle is indicated in the 
figure. 
 
Figure 2-3. The effect of particle roundness on critical state angle (Cho et al., 2006). 
 
Li (2013) conducted direct shear box tests on two mixtures: fines with an ideal coarse fraction 
(50% glass sand and 50% glass beads) and natural coarse (50% river sand and 50% crushed 
granite gravels) under 200 kPa and 400 kPa confining pressures. Particle diameters of glass 
beads and crushed granite gravels are 2-6 mm, and diameters of glass sand and river sand are 
0.063 – 2 mm.  
Li (2013)’s test results on critical state friction angle φୡୱ (constant volume friction angle) are 
presented in Figure 2-4 and Figure 2-5. Figure 2-4 indicates that φୡୱ increases with an increase 
in the coarse fraction due to the increased contact and interactions between the coarse particles. 
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The φୡୱ value for 100% glass coarse fraction is approximately 30o, that is 14o lower than the 
100% natural coarse fraction. It also reveals the dependence of friction angle on the normal 
stress: the φୡୱ value of sample sheared at 200 kPa is greater than the one sheared under 400 
kPa. Further evidence of this trend can also be found in Stark and Eid (1994) who argued that 
a higher normal stress favours face-to-face interactions of platy particles leading to a low 
constant volume friction angle.  
 
Figure 2-4. Constant volume friction angle increases with the weight content of coarse friction, 
adapted from Li (2013). FG refers to mixtures of fine fraction (25% kaolin + 75% silt) and 
glass coarse fraction (50% glass sand + 50% glass beads). FN refers to mixtures of fine fraction 
(25% kaolin + 75% silt) and natural coarse fraction (50% natural sand + 50% natural gravel). 
Figure 2-5 displays the relation between φୡୱ and particle shape factors including convexity and 
elongation of the coarse fraction. The data included in the figure is only from shear tests under 
confining pressure of 200 kPa. It can be observed that the φୡୱ value decreases with convexity 
but increases with elongation regardless of the content of coarse fraction. Particularly, the value 
of φୡୱ reduces from 44º at convexity of 0.7 (or elongation of 0.5) to 32º at convexity of 1 (or 
elongation of 0) for 100% coarse fraction which indicates the steepest decreasing (or increasing 
against elongation) slope among all coarse contents. The constant volume friction angle is 
governed by the particle surface friction as well as particle shape. More elongated particles 
have greater shear surface area than the less elongated particles. Additionally, the friction 
coefficient of the natural coarse fraction is higher than that of the glass coarse fraction.  
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(a) (b) 
Figure 2-5. The relationship between critical state friction angle ߮௖௦ and shape coefficients of 
coarse friction: (a) convexity, and (b) elongation under 200 kPa confining pressure, adapted 
from Li (2013).  
 
2.1.1.2 Peak friction angle and dilatancy 
 
The dilatancy of a dense packed granular system is dependent on the angularity and roughness 
of its particles. At the grain level, the local dilatancy of three spherical particles in triangular 
packing is 30o (Santamarina and Cho, 2004). When the particle aspect ratio becomes greater 
than 1, the local dilatancy ψ of the triangular packing is proportional to the particle aspect ratio 
in the shearing direction ୐ొ୐౐ (L୒ and L୘ represent the lengths in the direction of normal and 
shear forces) 
                                                     		ݐܽ݊ ߰ ൌ ቀ௅ಿ௅೅ቁ ݐܽ݊ 30
௢.                                                               2-1 
However, the measured global dilatancy angle is much lower than the local one, the high local 
dilatancy angle often occurs concomitantly with strain localization. In literature, a very high 
dilatancy angle of 30o ~ 31o was reported by Sture et al. (1998). Their triaxial tests were 
conducted with sub-angular quartz sands (average grain diameter is 0.22 mm) on the space 
shuttle under an extremely low confining pressures (0.05 kPa, 0.52 kPa and 1.30 kPa). The 
dilatancy angle reduced to 6o ~ 6.5o after 5% axial strain. 
Taylor (1948) first recognised that the peak friction angle is related to dilatancy and critical 
state friction angle. Later,  Bolton (1986) reviewed a wide range of previous experimental data 
from direct shear and triaxial tests and proposed a simple expression to quantify the relation: 
11 
 
                                                           ߮௣ ൌ ߮௖௦ ൅ 0.8߰௣ ,                                                             2-2 
where, φ୮ is the peak friction angle, φୡୱ is the friction angle at critical state and ψ୮ is the 
maximum angle of dilatancy. 
Hence, the peak friction φ୮ is also positively related to particle irregularity (Holubec and 
D'appolonia, 1973; Miura et al., 1998; Cho et al., 2006; Guo and Su, 2007; Li, 2013; Li et al., 
2013). 
 
2.1.2 Particle size distribution 
 
The effects of particle size on shear strength are of great interest in geotechnical engineering. 
The grading characteristics of the sample tested in the laboratory are normally related to those 
of the on-site soils using two methods: one is called the scalping method which uses a fraction 
of the material passing a certain sieve; the other one is referred to as the parallel gradation 
method that contains the shape of the grain size distribution. Gravel, referred to as particle 
diameters larger than 2mm, significantly influences the shear strength of cohesionless soils. 
Gravel fraction is often adopted to charactererise the sample grading properties. Another 
variable used to describe particle gradation is the coefficient of uniformity (C୳ ൌ D଺଴/Dଵ଴), 
where D଺଴ and Dଵ଴ are the particle diameter at 60% and 10% passing, respectively. But this 
variable alone is not recommended as a reliable grain-size descriptive tool because two distant 
mixtures can have the same C୳ just by having D଺଴ and Dଵ଴ the same. It is also worthwhile to 
mention that the impact of the oversize particles are neglected in many experiments due to the 
limitation in the size of standard test devices, thus, the oversize particles are normally removed 
from the tested samples. 
Fragaszy et al. (1990) and Fragaszy et al. (1992) developed a concept of far-field matrix density 
to account for the effects of oversized particles on the density, static strength and deformation 
behaviour of sand-gravel mixtures. They divided the matrix into two components that are 
matrix adjacent to the oversize particles called nearfield matrix and the material further away 
from the oversize particles, called the far-field matrix. They concluded that the static strength 
and deformation behaviour of cohesionless soils with oversize particles are governed by the 
far-field matrix density in a condition that oversize particles are floated in a fine-grained matrix. 
Vallejo (2001) suggested that the shear strength is dominated by the frictional resistance of the 
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gravels when its content is greater than 70%, and is controlled by the finer grains when gravel 
content is less than 40%. The strength hardening and shear dilatancy caused by increasing the 
gravel content has been demonstrated by researchers (Yagiz, 2001; Simoni and Houlsby, 2006; 
Hamidi et al., 2009). In particular, Simoni and Houlsby (2006) conducted direct shear tests on 
sand-gravel mixtures in a large direct shear apparatus, of which the dimensions are 254 mm 
(length) ൈ  152 mm (width) ൈ  150 mm (height). Simoni and Houlsby (2006) shows the 
measured φୡ୴,  versus the gravel fraction by weight, where one can find that the sample with 
gravel fraction of 0.6 induces a higher critical state friction angle than its pure gravel 
counterpart. The sample with gravel fraction of 0.6 also indicates the minimum void ratio 
among the gravel-sand mixtures of different percentages. Moreover, gravel fraction of 0.6 is 
approximately at the upper limit of the floating oversize particles according to Fragaszy et al. 
(1992).  
 
Figure 2-6. Results of critical state friction angle versus gravel fraction (Simoni and Houlsby, 
2006). 
 
2.1.3 Initial packing conditions 
 
The initial packing condition of the material affects its initial relative density (or void ratio), 
and it is often studied in relation with the friction and dilatancy angles. Rowe (1962) suggested 
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that for the very dense sample, the degree of rearrangement is minimal at the onset of shearing, 
and the predominant cause of shear resistance is the intrinsic sliding. Bolton (1986) 
summarised previous experimental data of plane strain and triaxial strain under relatively high 
normal stresses, with which he concluded that the peak shear strength and angle of dilatancy 
both show a positive linear correlation with the initial relative density. He then proposed a 
simple stress-dilatancy relation by linking both variables with the dilatancy index. Following 
Bolton (1986)’s research, Chakraborty and Salgado (2010) concluded a similar tendency by 
conducting comparable plane strain (PS) and triaxial test (TX) compression tests under 
confining stress from very low level to approximately 196 kPa, which will be further discussed 
in Section 2.1.4. 
Figure 2-7 shows the experimental data from Guo and Su (2007), based on triaxial tests on 
Ottawa standard sand (Sand O) and crushed limestone (Sand L) under three effective confining 
pressures of 100 kPa, 200 kPa, and 500 kPa. They examined the angles: peak friction angle φ୮, 
critical state friction angle φୡୱ, and mobilised friction angle at the onset of dilatancy φ୤ versus 
the initial void ratio. For both sands, one can find that φ୮ decreases with the initial void ratio, 
or increases with the initial relative density, whereas φୡୱ is independent of the initial void ratio. 
The data for φ୤ reveals a distinctive tendency for the tested two sands: Sand O has φ୤ started 
lower than φୡୱ and gradually approached to φୡୱ with the increase of initial void ratio, while 
φ୤ for Sand L is initially higher than φୡୱ and steadily decreases with increasing initial void 
ratio. The reason for this variation, Guo and Su (2007) believed, is due to the interparticle 
locking owing to the particle angularity. Additionally, Negussey et al. (1988) showed a 
constant critical-state friction angle against the relative density from their ring shear tests.  
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(a) 
 
(b) 
Figure 2-7. The measured shear strength of (a) Ottawa standard sand (Sand O) and (b) crushed 
limestone (Sand L) for different void ratios at 100 kPa confining stress. Adapted from Guo and 
Su (2007). 
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2.1.4 Stress-dilatancy relation 
 
Rowe (1962) proposed one of the original stress-dilatancy models. He conducted both 
theoretical and experimental studies of ideal assemblies of rods and uniform spheres to 
establish expressions for the relation between the rate of dilatancy and the maximum stress 
ratio for any ideal packing. This solution was also extended to the random assembly of irregular 
particles by hypothesising a minimum energy ratio at failure is achieved at failure. The Rowe 
(1962) and Rowe (1969) stress-dilatancy theory for plane strain condition is expressed as 
                                                        ఙభ
ᇲ
ఙయᇲ ൌ
ିௗఌయ
ௗఌభ ቀݐܽ݊ 45 ൅
ఝ೎ೞᇲ
ଶ ቁ
ଶ
 .                                                            2-3 
However, this relationship does not capture some important behavioural characteristics such as 
stress levels and density dependence.  
Bolton (1986) proposed a much simpler expression for the plane strain condition to capture the 
relations between stress and dilatancy, which he found was indistinguishable from Rowe 
(1969)’s theory: 
                                                              ߮ᇱ ൌ ߮௖௦ᇱ ൅ 0.8߰௣ ,                                                                   2-4 
where ψ୮	is the maximum dilatancy angle that indirectly quantifies the rate of dilatancy.  
He then reviewed a large number of the plane strain and triaxial tests in the literature and 
gathered those data in two plots shown in Figure 2-8. Note that the data included in this figure 
refers to samples tested in compression with an initial height-to-weight ratio of 2. φୡୱᇱ  cannot 
be directly measured due to the limited deformation of the device used. Instead, it was obtained 
from extrapolation of a series of values of φ୮ᇱ  (that corresponds to the rate of dilatancy at failure) 
recorded in the tests of various densities, so the value of friction angle at zero dilatancy φୡୱᇱ  
can be determined. Bolton (1986) proposed an index called the relative dilatancy index in the 
form  
                                                        	ܫோ ൌ ܫ஽ሺܳ െ ݈݊ ݌ᇱሻ െ ܴ ,                                                               2-5 
where Iୈ is the initial packing density (also referred to Dr in some other places), pᇱ is the mean 
effective stress at failure, Q and R are two empirical factors found by Bolton Q = 10 and R = 
1 that offered a unique set of correlations for the dilatancy-rated behaviour for both plane and 
triaxial texts. The mean effective stress at failure pᇱ is 300 kPa in the case. As revealed from 
Figure 2-8 (a), the upper line follows: 
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                                                                	߮௣ᇱ െ ߮௖௦ᇱ ൌ 5ܫோ	,                                                                    2-6 
while lower line follows: 
                                                                ߮௣ᇱ െ ߮௖௦ᇱ ൌ 3ܫோ ,                                                                    2-7  
for plane shear strain test and triaxial test, respectively.  
 
 
 
(a) 
 
(b) 
Figure 2-8. Data for sands from previous plane strain and triaxial tests (a) ߮௣ െ ߮௖௦  plotted 
against ID and (b) maximum dilatancy rate plotted against ID with mean effective stress p’ in 
the range 150 – 600 kN/m2. ID is the initial packing density (referred also as Dr in the future 
discussion), ߝଵ is the major principal strain and ߝ௩ is the volumetric strain. ߮௖௥௜௧ᇱ  is the friction 
angle at critical state which is the same as ߮௖௦ in the text. The figure is adapted from Bolton 
(1986). 
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From the figure above, one can find that the plane strain strength is greater than the triaxial 
strength which has already been widely recognised by other researchers (Rowe, 1962; Bishop 
and Green, 1965; Rowe, 1969; Vaid and Sasitharan, 1992; Schanz and Vermeer, 1996; Lings 
and Dietz, 2004; Chakraborty and Salgado, 2010). The reason is due to the boundary effects 
from the shear box geometry. In particular, particle movements in the direction perpendicular 
to the major shear axis are fully restricted in plane strain compression. As a result, the sample 
pushes against the wall inducing a higher normal stress in that direction ( σଶᇱ ൐ σଷᇱ ). 
Additionally, the presence of a boundary also interferes with particle rolling even at critical 
state. Compared with triaxial test conditions which introduce one extra degree of freedom, the 
higher friction angles measured in PS are justified. The linear correlations between these 
parameters are also noted by Bishop (1971). Figure 2-8 (b) implies that the maximum dilatancy 
rates are all collapsed to a single linear line regardless of the plane or triaxial test mode. The 
expression of the fitting line shown in Figure 2-8 (b) in terms of IR is: 
                                                         ቀെ ௗఌೡௗఌభቁ௠௔௫ ൌ 0.3ܫோ .                                                              2-8 
It indicates that a zero dilatancy is expected at an initial density of 0.23 at a mean effective 
stress level of 300 kPa for both plane strain and triaxial test conditions. 
Further developments and justifications of this theory where discussed by many researchers 
(Vaid and Sasitharan, 1992; Schanz and Vermeer, 1996; Simoni and Houlsby, 2006; 
Chakraborty and Salgado, 2010). In particular, Chakraborty and Salgado (2010) extended the 
correlation between peak friction angle, critical-sate friction angle and dilatancy to a very low 
confining stress based on plane strain and triaxial compression data. They concluded that the 
factor Q (in Equation 1-5) in Bolton’s stress-dilatancy equation increases logarithmically with 
the increase in confining stress in both plane and triaxial compressions.  
As far as we are aware, the stress-dilatancy relationship has not been studied under indefinitely 
large shear deformation testing conditions such as the ring shear device. However, evidence of 
lower friction angles is obtained in ring shear device compared to those obtained in the triaxial 
compression test under the same testing conditions (Negussey et al., 1988). Thus, it suggests 
that the sample does not undergo enough shear strain in the triaxial tests for it to develop the 
true critical state friction angle.  
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2.2 SHEAR RATE DEPENDENCY IN GRANULAR FRICTION 
 
Rheological properties of sheared granular materials under low stresses is of great importance 
in controlling various phenomena in geosciences such as landslides, pipelines movements on 
seabeds and debris flows. Among the rheological properties of granular materials, the shear 
rate dependence of the friction coefficient μ (defined as shear stress over normal stress) has 
been widely investigated by many scholars (Bagnold, 1954; Dieterich, 1978; Savage and Sayed, 
1984; Pouliquen, 1999; Chevoir et al., 2001; Silbert et al., 2001; Forterre et al., 2002; Da Cruz 
et al., 2003; Gdrmidi, 2004; Da Cruz et al., 2005; Jop et al., 2006; Pouliquen et al., 2006; 
Pouliquen and Forterre, 2009; Kamrin and Koval, 2012; Kuwano et al., 2013; Miller et al., 
2013; Jop, 2015). Here the friction coefficient is characterised by a dimensionless variable 
called the internal number I: 
                                                                     ܫ ൌ ߛሶ݀ටఘ௉ ,                                                                        2-9 
where γሶ  is the shear rate, P is the normal stress,  d and ρ is the particle diameter and density, 
respectively. Note that I is not related to previous variable Iୖ. The physical meaning of  I can 
be thought as the ratio of confinement timescale and typical time of deformation. Specifically, 
considering two layers of grains moving one on top of the other, the typical time of deformation 
is the time needed for one layer to travel over a distance d with respect to the other, and the 
confinement time can be interpreted as the time needed for the top layer to be pushed back to 
its lower position (Gdrmidi, 2004).  
With the inertial number I determined for steady flow conditions, the granular media can be 
divided into three flow regimes: quasi-static, dense inertial and collisional regimes. When I is 
less than 10ିଶ , the system enters the quasi-static regime where the packing fraction is 
independent of I as it is always small enough for the particles to find tight compaction. The 
velocity profiles observed in this regime generally exhibit localised shear bands close to the 
wall, the width of the shear bands being a few particle diameters. An exception is the plane 
shear cell where a linear velocity profile is observed from simulations. When I increases, the 
inertia starts playing a role and the system becomes rate dependent on the friction coefficient. 
This is the inertial regime where the friction coefficient typically increases with increasing 
inertial number.  A simple μሺIሻ rheology was proposed by Da Cruz et al. (2005) that captures 
some of the basic features observed in the granular flow. Eventually, under even higher I, the 
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flow enters the dilute, collisional regime. A kinetic theory of granular gases has been 
successfully applied to this regime which provides a set of constitutive equations connecting 
the mean density, mean velocity, and granular temperature to characterise the fluctuational 
energy (Campbell, 1990; Goldhirsch, 2003). 
The shear rate dependency of the friction coefficient is also studied in solid earth science, but 
at very low shear rates (of the order of 10ି଺ m/s). In general, an empirical law, rate- and state-
dependent friction law (RSF) (Dieterich, 1978; Dieterich, 1979; Ruina, 1983; Scholz, 1998) 
are suggested to capture the shear behaviour of dense granular materials under such low shear 
rates. The RSF states that the steady-state friction coefficient is logarithmically dependent on 
the shear rate, and the dependence is negative in most cases. 
As far as we are aware, limited research has been conducted in the intermediate range of I, that 
is 10ି଺ ൏ I ൏ 10ିଶ. Kuwano et al. (2013) tested soda-lime glass beads with a mean diameter 
of 270 μm using an annular shear cell as indicated in Figure 2-9 (a), where D1 = 15 mm and D2 
= 25 mm. Following results plotted in Figure 2-9 (b), they found a crossover from negative to 
positive shear rate dependence of the macroscopic friction coefficient at 10ିସ ൏ I ൏ 10ିଶ. 
 
                                     (a)                                                                                  (b) 
Figure 2-9. Kuwano et al. (2013)’s experiment: (a) schematic diagram of the apparatus, and 
(b) shear rate dependency in friction coefficient under normal stress of 10 kPa (□), 20 kPa (∆) 
and 30 kPa (○). 
 
On the other hand, other researchers found the opposite: the rate-independence of the friction 
coefficient in this regime (Hungr and Morgenstern, 1984; Savage and Sayed, 1984; Badetti et 
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al., 2018). In particular, Savage and Sayed (1984) conducted tests on dry granular materials 
with both spherical and angular shape, and concluded a constant friction coefficient, if not 
showing a weakly positive correlation when I is greater than 8 ൈ 10ିଷ. Note that the friction 
coefficient was investigated against a dimensionless apparent shear rate uതሺd/gሻଵ/ଶ/H, where 
d is the grain diameter,  uത is the linear velocity of the lower disk assembly at the mid-trough 
radius and H is the depth of the granular sample.  The inertial number is calculated based on 
the geometry of their experimental set-ups and test conditions. Moreover, Hungr and 
Morgenstern (1984) carried out tests on two types of coarse sand, wet and dry, sand-rock flour 
mixtures and polystyrene beads. For the case of polystyrene beads, the sample was sheared at 
a velocity from 0.1 cm/s to 98 cm/s under 40 kPa and 80 kPa confining stress, corresponding 
to 5 ൈ 10ି଺ ൏ I ൏ 5 ൈ 10ିଷ. The test results are shown in Figure 2-10, which shows a perfect 
frictional behaviour that is uninfluenced by either velocity or normal stress.  
 
Figure 2-10. Strength envelopes of the polystyrene beads, adapted from Hungr and 
Morgenstern (1984). 
 
In both papers mentioned above, the friction coefficient was investigated with either a 
dimensionless shear rate or pure velocity, rather than linking with the inertial number. In fact, 
the tests carried out in both papers all fall into the quasi-static regime of the granular flow, 
where a rate-independent friction coefficient is expected.  
2.3 PREVIOUS SHEAR APPARATUSES 
 
Many shear devices have been developed for studying the shear behaviour of granular materials, 
for example, the Jenike shear device is a well-known and often-used device in studying bulk 
solids flow. Other devices such as True Biaxial Shear Tester (TBT) are also often used in the 
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field of bulk solids. In soil mechanics, direct shear box, triaxial devices and lately the ring shear 
device is widely utilised to determine the shear strength and dilatancy properties of granular 
soils. In this section, we divide the commonly used devices into soil mechanics in two 
categories: small strain shear apparatuses and large strain shear apparatuses. 
 
2.3.1 Apparatuses with very small shear strain 
2.3.1.1 Direct shear apparatus 
 
The direct shear apparatus (DSA) is a widely used shear test device in commercial testing 
laboratories. Figure 2-11 shows a typical arrangement of a conventional DSA. The whole 
apparatus includes the carriage, load application and volume change measurement systems. 
The design of rigid split metal container allows the soil sample to be subjected to an increasing 
shear displacement on the mid-height horizontal plane. The shear strength parameters obtained 
from DSA are measured from the mid-height horizontal plane and are termed "direct shear" 
parameters in the literature. Many studies (Rowe, 1962; Davis, 1968; Bolton, 1986) have been 
conducted to relate the “direct shear” parameters to the more general forms of plane shear 
strength parameters φ୮ሺ୮ୱሻ, φୡୱሺ୮ୱሻ that are not dependent on the predefined shear plane. There 
is a general agreement on the problem of interpreting soil properties using this device: the peak 
direct shear friction angles are overestimated and peak dilatancy angles are underestimated 
(Bolton, 1986).  
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Figure 2-11. General arrangement and free-body diagram of the conventional DSA, adapted 
from (Lings and Dietz, 2004).  
The development history of the DSA can be traced back to 1932 when the first modern shear 
box was designed by Casagrande. The first displacement control was introduced by Gilboy 
(1936) in 1936, which facilitated the post-peak behaviour study (Matthews, 1988). Many 
improvements were made by Golder at the Building Research Station and by Bishop in the 
1940s. 
There are several limitations in this set-up, and the major concerns are the non-uniform stress 
field, pre-defined failure plane, restricted shear deformation and rotation or tilting of the load 
pad and upper frame. Some attempts were made to address the tendency for the load pad and 
upper frame to rotate during testing. Wernick and De Almeida (1979) and Shibuya et al. (1997) 
proposed an “enforced” rotational restraint that not only restrained the rotating but also free 
displacement. This type of design inevitably has sand escaping from the internal faces of the 
shear-box inducing extra wall friction and resulting in errors in assessing the vertical load on 
the shear plane of the sample. Another modification termed “Induced” rotational restraint, also 
referred to as symmetrical arrangement was suggested by Jewell and Wroth (1987) and Jewell 
(1989). Many other improvements or modifications have been made to the conventional DSA 
(Lings and Dietz, 2004; Fannin et al., 2005; Simoni and Houlsby, 2006), but the main issues 
of the apparatus, for instance, the non-uniform stress, predefined shear failure plane and very 
limited shear displacement were left unaddressed.  
 
2.3.1.2 Triaxial shear 
 
Triaxial shear apparatus is one of the mostly used devices in soil mechanics (Bishop, 1966; 
Vaid and Sasitharan, 1992; Schanz and Vermeer, 1996; Guo and Su, 2007). It is also one of 
the most commonly used indirect shear apparatuses, in which the shear zone develops 
unhindered according to the applied state of stress. The sample is normally tested under high 
stresses (100 kPa or higher). The arrangement of the triaxial apparatus in Kolymbas and Wu 
(1990)’s paper is shown in Figure 2-12 (a). The sample is confined laterally within a thin rubber 
membrane, where the lateral stress is applied by adjusting the air pressure in the pressure 
chamber. Vertically, the sample is retained by upper and lower endplates. A loading piston is 
connected with the upper-end plate, and axial loads can be exerted by moving the loading piston. 
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The friction of the interfaces is eliminated by applying grease on the surfaces and covering by 
a rubber membrane.  
One way of measuring lateral strain is indicated in Figure 2-12 (b). There are three lateral strain 
collars contacting the upper, intermediate and lower parts of the sample. The change in sample 
diameter induces a change in the curvature of the collars that is measured by strain gauges. 
Hence, the lateral strain at different heights in the sample is captured. Some modern approaches 
have been developed recently to recover such strain information, such as employing the 
photogrammetry and image analysis to capture the sample deformation during the tests.  
 
                 
                  (a)                                                  (b) 
Figure 2-12. The triaxial shear apparatus: (a) schematic diagram (adapted from Kolymbas and 
Wu (1990)), and (b) measurement of the lateral strain (adapted from Schwedes and Schulze 
(1990)). 
 
The triaxial shear apparatus has many merits, such as the ability to: test both undisturbed and 
reconstituted specimens, to shear under stress or strain controlled conditions, to control the 
drainage as required, and to ability to replicate the actual stress state under axisymmetric 
foundations or earth pressures (Sadrekarimi and Olson, 2009). 
However, as mentioned in the discussion on the direct shear apparatus, the main drawback of 
the triaxial shear device is the limited shear displacement induced on the sample, hence the 
measurement of the large-displacement shear resistance is difficult if not impossible. Moreover, 
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the specimen shape changes at large strain that is inevitable to the measurements of shear 
resistance. Additionally, triaxial devices do not allow the continuous rotation of principal stress 
axes and the maximum shear stresses occur on planes inclined to typical sub-horizontal 
depositional planes.  
 
2.3.1.3 Biaxial shear 
 
The biaxial shear apparatus was firstly developed by Vardoulakis (1982) for testing 
development of shear band in plane strain. The underlying concept of this apparatus is to allow 
for shear-band formation in soil specimens, that is opposed to the concept of constitutive 
experiments where shear band formation is avoided.  
      
(a)                                                                        (b) 
Figure 2-13. Biaxial apparatus (a) a photograph and (b) its technical drawing, (1) top plate, (2) 
base plate, (3) side plates, (4) roller bearings. Adapted from Vardoulakis (1982) 
 
Figure 2-13 shows a photograph and the system of the first biaxial apparatus designed by 
Vardoulakis (1982). In their apparatus, the dimension of the sample was 3.5 ൈ 8.0 ൈ 14.0 cm 
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and is rapped into a rubber mould of 0.3 mm thickness. Two side stainless steel plates restrain 
the sample under plane strain condition. Boundary frictions induced by both top/bottom and 
side plates are reduced by polishing the surface of the plates and applying silicone grease. The 
base plate can be placed on a roller bearing to be movable. The vertical load is applied from a 
piston in a loading frame driven with constant speed and horizontal load is from liquid pressure. 
But, loads cannot be quantitively applied in this particular apparatus. 
Later, improvements were made on this apparatus by Drescher et al. (1990) (see Figure 2-14 
the photographs and design of the apparatus) including: improving axial load guidance, 
lowering friction linear bearing and enhancing load and displacement measurement 
instrumentation. After improvements, the apparatus could be used study prelocalisation 
material behaviour and shear-band growth investigation in dry and water-saturated soils.  
                                   
                                   (a)                                                                         (b) 
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(c) 
Figure 2-14. The Biaxial Compression Apparatus developed by Drescher et al. (1990) (a) 
photograph of the biaxial apparatus, (b) photograph of the confining pressure cell housing the 
biaxial apparatus, and (c) side view of the biaxial apparatus: (1) soil specimen, (2) loading 
platen, (3) rigid wall, (4) tie rods, (5) platen support, (6) linear bearing sled, (7) trackway, (8) 
loading platen, (9) loading piston, (10) adjustable busing, (11) horizontal bar, (12) vertical rods, 
(13) apparatus base, (14) long screw, (15) horizontal bar. 
 
More recently, Mokni and Desrues (1999) conducted a series of biaxial undrained tests on fine, 
angular and quartz sand (Hostun FR) with both dilative and contractive specimens. They 
applied a false relief stereophotogrammetric method to allow a full-field measurement of the 
incremental strain within a specimen throughout the whole test. They have found that shear 
banding can occur in both contractive and dilative specimens. For dilative samples, the 
localization happens when the cavitation takes place in the pore-fluid.   
Le Bouil et al. (2014) also designed an experimental apparatus that has a similar concept of the 
previous biaxial apparatus to investigate the precursor of failure in granular materials. As 
shown in Figure 2-15, granular material is placed between a latex membrane and a glass plate. 
Confining effective pressure is applied by applying vacuum to the sample. Vertically, a 
displacement-controlled compression is applied while the sample deforms in plane strain. The 
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set-up can provide a measurement of extremely small heterogeneous strains during the loading 
process.  
                       
(a) (b) 
Figure 2-15. Schematics of the experimental setup: (a) the front is illuminated by a laser beam 
and is imaged on the CCD camera. The vacuum pump maintains a depressurization inside the 
sample at the origin of the stress ߪଷ on the lateral walls. The force sensor measures the stress 
ߪଵ corresponding to the imposed displacements; (b) Front view with applied stresses. Adapted 
from Le Bouil et al. (2014).  
 
2.3.2 Apparatuses with large shear strain 
 
2.3.2.1 Ring shear 
 
Ring shear device is one of the most commonly used large displacement shear apparatuses in 
soil mechanics (Bromhead, 1979; Hungr and Morgenstern, 1984; Savage and Sayed, 1984; 
Chan and Page, 1997; Kelly et al., 2003; Panien et al., 2006; Sadrekarimi and Olson, 2009; 
2009; Toyota et al., 2009). The development of the ring shear started from the beginning of the 
20th century. Bishop et al. (1971) proposed the following design of ring shear after overviewing 
the work completed by various researchers. Three sample shapes were suggested including 
circular, cylindrical and annular with various depth. It was found that cylindrical shape is the 
least successful due to the complexity of mounting the sample in the apparatus. The annular 
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design largely superseded the circular configuration after 1940 and is now the most adopted 
shape in ring shear design. The mean diameter of the device can vary over a large range (from 
6 cm to 1m (Kelly et al., 2003)), that will directly implicate the magnitude of the applied load 
and required torque to shear the sample. 
As illustrated in Figure 2-16, the annular sample is confined between outer and inner rings and 
is sheared at the bottom, mid-height or top depending on the configuration. The shear resistance 
of the sample is measured by a fixed plate on the top surface. 
 
(a)                                              (b)                                               (c) 
Figure 2-16. Schematic of ring shear test shearing mechanism in (a) solid-ring device with 
shear zone at the bottom of the specimen, (b) split-ring device with shear zone at midheight 
(Imperial College/Norwegian Geotechnical Institute design), and (c) solid ring device with 
shear zone at the top of the specimen (Bromhead design). The drawing is adopted from 
Sadrekarimi and Olson (2009).   
 
Comparing with the small strain shear devices, one of the obvious advantages of the ring shear 
apparatus is the ability to shear a sample uninterruptedly to virtually unlimited displacement. 
Besides, the apparatus can also accurately track volume changes and both the cross-sectional 
area of the shear plane and the sample geometry remain unchanged. Nonetheless, some of the 
limitations persist even in the latest version of the device and even after several improvements. 
The major drawback that causes a great source of error is the non-uniform stress and strain 
distributions within the sample. Because of the annular geometry, the strain in ring shear test 
increases with radius, consequently failure occurs progressively. Although the radial effect can 
be reduced by decreasing the annulus width, the wall friction will significantly affect the test 
results in return. Moreover, thin shear band localised close to the shear plate has been observed 
which generates a non-linear velocity field across the sample depth (or width) which further 
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adds the nonuniformity to the shear strain, particularly at slow flow regime (Gdrmidi, 2004). 
Another chronic problem of ring shear device is soil extrusion (Bishop et al., 1971; Tika et al., 
1996; Iverson et al., 1998; Sadrekarimi and Olson, 2009). It limits the upper bound of the shear 
displacement and causes inaccuracies in the measurements of stresses and sample vertical 
deformation. 
 
2.3.2.2 Caterpillar shear device 
 
The device called “Caterpillar shear device” shown in Figure 2-17 is a shear cell which is 
claimed to produce infinite simple shear deformations on samples (indicated as the considered 
region in the drawing). This device was developed by Allersma (1987) for visualising and 
optically analysing the stress and strain within the plane shear zone using the photoelastic 
measuring technique. The granular material (crushed glass) is filled in the confined space 
enclosed by two parallel glass sheets that are 40 mm apart (front and back) and a caterpillar. 
The top platen is fixed horizontally but not vertically to allow the vertical displacement to be 
measured by a displacement transducer, while an initial load P (equally 160 kPa pressure in 
their tests) is applied on the top beam by a pneumatic cylinder. The bottom platen, which is 
parallel to the top one, is displaced by means of a motor driven spindle at a speed of about 0.25 
mm per hour. The interface between top/bottom platens and the caterpillar is made rough to 
avoid slip. This device is also equipped with two load cells for the measurements of total 
vertical load P and the total horizontal shear force F. Their measurements of stress and strain 
and displacement were up to 60% shear strain, and a strong stress rotation can be observed in 
the first 10% of deformation (Allersma, 2005). 
In comparison with other large deformation shear devices, Allersma’s device can produce a 
uniform stress field at the centre of the sample because of the geometry, which is a great 
improvement. However, the infinite deformation (as stated) is only conceptual and hard to 
achieve unless the bottom platen is infinitely long. The shear tests conducted were subsequently 
only under 60% shear strain. Furthermore, the bottom plate was displaced at a very low speed 
of 0.25 mm/hr, and high speed of movement of the bottom plate is limited due to the large 
inertia effect that will surely be imposed on the sample.    
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Figure 2-17. Schematic diagram of the “Caterpillar shear device” developed by Allersma 
(1987). 
 
2.3.2.3 Stadium Shear Device (SSD) 
 
In this section, we will discuss a newly developed device named "Stadium Shear Device" 
shown in Figure 2-18 (Miller et al., 2013). The stadium-shaped configuration is like the 
Caterpillar Shear Device, except that the shearing boundary of the SSD is running horizontally. 
A two-dimensional granular media is sheared between two parallel sections of the belt in the 
central region and recirculate underneath the sprockets at both ends. The dimension of the belt 
is 3150 mm length ൈ 55 mm depth, and the diameter of the sprocket is 305 mm. The belt is 
driven by a motor and gear assembly and can achieve a velocity up to 15.22 cm/s. The boundary 
condition in the centroid region is controlled by the roller and spring assembly (as labelled).  
Two boundary conditions including fixed confining stress and fixed volume can be achieved 
via controlling spring force or fixing the position of the assemblies. A torque transducer Figure 
2-18 (b) spliced on to the drive shaft is to measure the torque that has been applied to drive the 
belt. The normal stress of the central region is measured with 4 load cells shown in Figure 2-18 
(c) (two on each side) that are connected the longitudinal arms of the roller assembly to the 
transverse section of the assembly. To track the movement of the individual particle, a high-
speed camera is located above the central region of the device.  
In principle, the plane shear developed in the central region has a dimension of 790 mm length 
ൈ 305 mm width, and the averaging particle diameter in their experiments is 17 mm. Therefore, 
there are roughly 17 particles across the width of the device. It is obvious that the SSD is 
developed to inspect the internal kinematics of disks under a perpetual shear condition in the 
31 
 
microscope scale. With the employment of this device, a non-local behaviour of dense granular 
flow due to the wall perturbations was successfully captured, hence a model which is analogous 
to that of eddy viscosity in turbulent boundary layers was proposed to predict this non-local 
effect (Miller et al., 2013; Einav et al., 2018).  
Given the success of the 2D SSD, an apparatus of the same configuration but in three 
dimensions has been developed, termed 3D SSD. Ideally, the 3D SSD to be developed can 
perform large shear displacement experiments on natural soils, and generate a linear velocity 
field and a uniform stress distribution between two parallel shear walls. In the next section, we 
will detail the design of 3D SSD and present the experimental methodology employed in this 
research.    
 
(a) 
 
(b) 
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                                    (c)                                                                       (d) 
 
Figure 2-18. Pictures of the (a) Stadium Shear Device, (b) schematic of the apparatus from the 
above, (c) its torque transducer and (d) one of its load cells (Miller et al., 2013). 
 
2.4 X-RAY RELATED TECHNIQUES IN GEOMECHANICS 
 
During the last two decades, non-contact measurement techniques have gained popularity in 
experimental mechanics. There is a wide range of such techniques that includes 2D Optical 
methods (False Relief Stereophotogrammery and Digital Image Correlation), Ultrasonic 
Tomography, and 3D full-field methods (X-ray computed tomography). In comparison with 
the more conventional measurement techniques, where transducers are normally positioned at 
boundaries of the sample to incrementally record the change of variables over time, the non-
contact techniques are able to provide a full field, continuous record of properties such as 
density, and translational and rotational velocities. One common example is the use of such 
methods in capturing localisation characterises of specimens during tests, including 
compaction and/or shear bands, as well as tensile and/or shear cracks.  
One of the earliest applications of X-ray radiography in geotechnics can be traced to 1960s in 
Cambridge as a non-invasive technique for measuring strain field in soil (Roscoe, 1963; Roscoe, 
1970). In their experiment, lead markers were traced from successive radiographs to determine 
a continuum displacement field. Many other researchers also used X-ray coupled with 
radiographies in different shear configurations, for examples, triaxial compression (Kirkpatrick 
and Belshaw, 1968), simple shear (Scarpelli and Wood, 1982), plane strain compression 
(Vardoulakis, 1982), and directional shear (Arthur, 1982).  
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However, radiographies are 2D images representing maps of attenuation in the direction 
perpendicular to the image, and information on localisation patterning in specimens obtained 
from this method is rather limited. This limitation was later addressed by X-ray Computed 
Tomography (CT), where X-ray radiographies of a specimen are recorded at many different 
angular positions around the object. A three-dimensional image of the object can be 
reconstructed with appropriate algorithms based on the radiographies from different 
projections. X-ray CT soon became a popular non-destructive imaging technique for obtaining 
internal features of the testing specimens in geomechanics.  
X-ray CT is firstly employed by Desrues and coworkers as a quantitative tool for experimental 
investigation of strain localisation in sand (Colliat-Dangus et al., 1988; Desrues et al., 1996; 
Desrues, 2004). Figure 2-19 shows horizontal slices of a dry Hostun sand sample under triaxial 
compression test using three-dimensional X-ray CT, which clearly indicates complex patterns 
of density variations that would otherwise be invisible.  
 
Figure 2-19. CT images of horizonal slices of a triaxial compression specimen of dry dense 
Hostun sand. (Desrues et al., 1996) 
 
Viggiani and coworkers have used higher energy and photon flux of synchrotron radiation 
(which provides higher resolution) than the conventional medical and industrial CT system to 
study strain localisation in finer grains such as clay soils and clay rocks. One of their 
experiments was conducting a drained compression test on a 20 mm diameter specimen of 
Beaucaire marl. The results showed that the process of localisation comprising of more than 
one non-planner shear zones. Figure 2-20 shows an example of the 3D CT image acquired 
using multi-scale tomographic equipment for the triaxial compression test carried out by 
Bornert (2010).  
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Figure 2-20. 3D view of an X-ray CT Image of dry Hostun sand in a plastic tube acquired 
using the multi-scale tomographic equipment (Bornert, 2010). 
 
Recently, Guillard et al. (2017) developed a new experimental technique using dynamic X-ray 
radiography to reveal particle size and shape orientation fields for granular flow. This has 
greatly advanced the applicability of X-ray in geomechanics for conditions which could not be 
considered quasi-static, where grains flow too fast for traditional X-ray CT. The technique is 
based upon the Fourier transformation to extract bulk flow properties including grain size and 
particle shape orientation. The experimental setup is shown in Figure 2-21. They have 
conducted experiments on glass beads, rice and red lentils that were filled in the transparent 
rectangular silo setup. X-ray radiography was used to successfully capture the velocity field 
and particle fabric changes (particle size and shape orientation) during the discharge of the 
sample through bottom of the silo.  
 
Figure 2-21. Experimental set-up in Guillard et al. (2017) with two X-ray sources 
perpendicular with each other. 
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One of the common flow measurement techniques is called Particle Image Velocimetry (PIV) 
(Lueptow et al., 2000; Faug et al., 2015; Sanvitale and Bowman, 2016) in which the 
displacement of the material is determined using cross-correlation of regions within particle 
image pairs. It considers the peaks of the probability density functions (PDFs) of cross-
correlation to deduce the most likely displacement of two sequential images. This method gives 
a measurement of the velocity perpendicular to the direction of the X-ray beam, averaged 
through the direction of the beam.  
Baker et al. (2018) have recently developed a 3D flow field reconstruction technique termed 
“X-ray Rheography” that considers not only the peaks of the PDFs (like PIV), but the entire 
cross-correlation functions, so additional information on the out-of-plane variation of the flow 
field can also be revealed. In particular, the recorded radiographs are firstly divided into 
interrogation windows, and cross-correlation functions are calculated from solving a 
deconvolution inverse problem. Therefore, PDFs of in-plane displacements for each given 
patch are generated. The PDFs are then discretised by taking equally-spaced percentiles into 
vectors of candidate velocities for two planar components. In this way, the particle 
displacement in the direction along X-ray beam is disclosed. A full 3D velocity field can then 
been constructed by setting up two orthogonal detectors. A correct link between two sets of 
candidate arrays is required to set up through minimising the discrepancies between the two 
sets of arrays. The mean of the chosen two vectors in each cell will be the output value.  
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3 3D STADIUM SHEAR DEVICE (SSD) 
 
In this chapter, the design of the three-dimensional Stadium Shear Device (3D SSD) is firstly 
presented. Particularly, we discuss the techniques invented for eliminating undesirable 
mechanical frictions and preventing small particles escaping from the shear boundaries, 
followed by a discussion on the measurement devices we have implemented, the data 
acquisition system incorporated with the design, and the calibration procedures developed 
particularly for this device. The stress states generated in this configuration are then studied 
with Mohr’s circles and a Discrete Element Method (DEM) simulation. Lastly, the sample 
properties and the experimental protocols for correctly measuring different variables using this 
device are outlined.  
 
3.1 INTRODUCING THE 3D SSD 
 
In the previous chapter, we briefly reviewed some of the experimental apparatuses that have 
been utilised for studying dense granular flow and determining shear strength parameters of 
granular soils. For example, the ring shear device can measure stress responses of sand or clay 
by continuously shearing the samples under indefinite deformation, yet the stress field 
generated in this cylindrical geometry is radially-dependent and non-uniform. The Caterpillar 
Shear Device (Allersma, 1987) can generate a uniform stress field in the central region of the 
sample, however, the infinite shear deformation is hard to achieve due to the length of its 
bottom plate. Moreover, this device can only shear samples at very low shear rates as it induces 
large inertia effects when operated under high shear rates. Finally, the Stadium Shear Device 
(SSD) developed by Miller et al. (2013) presented a new shear configuration in which a 
uniform stress field supposed to be generated in the central region of the device, and it can be 
operated at a shear rate varying from very low to very high. 
The two-Dimensional SSD has been further developed in this Thesis into a three-dimensional 
version named the 3D Stadium Shear Device as shown in Figure 3-1 (Einav et al., 2014). The 
idea is to test materials in confined setting within synchronous belt in a stadium-shape (in top 
view). A driven sprocket is placed at one end of the belt which is coaxially installed under a 
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motor and gear assembly, and the other end of the belt is positioning an idler sprocket. The 
geometric set-up of the 3D SSD is similar to the 2D one, so we may expect the same plane 
shear conditions to be imposed on the central region of the sample that is between the two 
parallel walls of the belt. One feature that is added to the 3D version of SSD is the utilisation 
of a metal top plate, which enables the application of constant vertical confining stresses and 
the measurements of the vertical displacements at the same time. 
 
Figure 3-1.  Picture of the 3D Stadium Shear Device 
3.1.1 In concept 
 
Figure 3-2 schematically presents the conceptual design of the 3D Stadium Shear Device. As 
shown in the figure, sample is filled within a synchronous belt that is in a stadium-shape when 
viewed from above. Red arrows in this figure indicate the way of belt turns so that it could 
generate a major shear plane on the sample. The rigidity of the belt can provide a lateral 
confinement to the sample; at the same time, within the new concept the sample is also confined 
vertically using a vertical confining pressure above. Lateral force measurements are taken at 
the central region of the sample as indicated in Figure 3-2 with dashed lines: a pair of horizontal 
normal forces (one measured at the front face, the other measured at back face of the sample) 
and shear force on the major shear plane are measured synchronously.        
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Figure 3-2. Schematics of the design concept of the 3D SSD.  
 
3.1.2 In detail 
 
Figure 3-3 (a) and Figure 3-4 (a) show a schematic diagram and technical drawing of the 3D 
SSD prototype. This configuration allows the application of arbitrarily large shear deformation 
under constant vertical stress and constant horizontal strain conditions. The shearing belt used 
in this device is customised from a commercially available synchronous belt: Bando HTS 966-
14M. The dimensions and properties of this belt are tabulated in Table 3-1. The belt is mainly 
made from the material with high stiffness, the chloroprene rubber, and the maximum 
elongation of the belt is less than 0.15% of the total length. These material properties should 
minimise the creep effect that could possibly develop in the belt itself after running the device 
under pressures for a long period.   
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Table 3-1. The dimensions and properties of the synchronous belt utilised in 3D SSD 
Dimensions   
Nominal pitch length (mm) 966
Thickness (without teeth) (mm) 4.2
Thickness (with teeth) (mm) 10.2
Width (mm) 124
Height (mm) 165
Tooth – Tooth distance (mm) 14
Tooth width (mm) 9.1
Properties 
Construction Chloroprene rubber backing 
 Glass fibre tensile member 
 Chloroprene rubber teeth 
 Nylon canvas
Maximum elongation % < 0.15
Ambient temperature range oC -30 – 90 
 
   
 
(a) 
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(b) 
 
(c)  
Figure 3-3. Schematics of the 3D Stadium Shear Device (3D SSD), (a) overview; (b, c) 
vertical cross sections 
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(a) 
 
(b) 
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(c) 
 
(d) 
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                                   (e)                                                                     (f) 
Figure 3-4. Technical drawings of the 3D Stadium Shear Device (3D SSD), (a) top view, (b) 
top view (excluding loading frame, top plate holder, velocity controller and motor & torque 
meter assembly), (c) load cell and side plate assembly, (d) customised belt, (e) top plate and 
(f) top plate holder.   
 
This belt is placed centrally inside of a confining metal box as indicated in Figure 3-3 (a) and 
Figure 3-4 (a) with dimensions of 540 mm (length) ൈ 250 mm (width) ൈ 190 mm (height), 
which also supports the external power (motor and gearbox assembly) and measurement 
devices (load cells, a torque meter and a LDT sensor). The model of the motor is a GPG 90 
mm geared AC speed control motor (5IK120RHU-C), which has a power of 120 W and a 
maximum speed and torque of 1300 rpm and 0.882 N.m, respectively. There are two 
combinations of motor and gear box assembly that were employed in the 3D SSD as tabulated 
in Table 3-2. One is the motor coupled with a gearbox with a reduction ratio of 120:1, which 
drives the belt at relatively fast velocities; the second assembly is the same as the first but with 
the additional of another gearbox with a reduction ratio of 10:1, which will further reduce the 
belt velocity range by one tenth.   
The belt is driven by a teeth sprocket (124 mm diameter) at its top edge at one end (Figure 5 
(e)). This driven sprocket is located coaxially under the motor and torque meter as indicated in 
Figure 3-3 (b). The idler sprocket, of same dimensions, is located similarly at the top edge of 
the belt at its other end, as shown in Figure 3-3 (c). By changing the motor and gearbox 
assembly, the device can operate at a velocity range of 0.787 to 78.7 mm/s.  
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Table 3-2. The maximum operating speed (or maximum shear rate) and maximum torque for 
the two different motor-gearbox assemblies employed in the 3D SSD. 
Type Maximum 
Speed 
(rpm) 
Maximum 
Shear rate  
(s-1) 
Maximum 
torque 
(N.m) 
Motor + gear ratio 120 10.8 1.14 105.8 
Motor + gear ratio 120 + gear ratio 10 1.08 0.114 1058 
 
As indicated in Figure 3-3 (b), the internal space formed by the belt is filled by the sample and 
the belt is horizontally confined externally by two side plates. The dimensions of the side plates 
are 175 mm (length) ൈ 100 mm (height). As indicated in Figure 3-4 (c) and Figure 3-5 (a), 
there are several rows of small bearings built at the interface of the two side plates and the belt 
to minimise the mechanical friction when the belt is turning. Another function of the two side 
plates is to provide constraints to the belt in horizontal direction so the belt (and contained 
sample) cannot expand horizontally when the sample is under applied vertical pressures (i.e. 
the deformation of sample in the horizontal plane is zero). Furthermore, the belt is stretched 
tight by the two sprockets at each end, so it is reasonable to assume that the deformation of the 
belt (as well as the sample) in the plane perpendicular to the two side plates is also minimal. 
Vertically, a plate shown in Figure 3-3 (b) (also Figure 3-4 (e)) is placed on top of the testing 
sample. A vertical rod is connected to the top plate to allow applying vertical pressures on the 
sample. A loading frame is placed on top of the vertical rod so the vertical pressures applied 
on the sample can be varied by adding or reducing the weights. To prevent the top plate from 
tilting during the turning of the belt, a rectangular structure with a hole in the centre (the top 
plate holder in Figure 3-4 (f) and Figure 3-5 (b)) is fixed on the confining metal box. The 
vertical rod passes through the hole on the top plate holder, where several lines of small rollers 
(Figure 3-5 (c)) are inserted on the interface to minimise the friction induced by the top plate 
moving upwards or downwards as the sample dilates or consolidates.  
Specific practises are implemented to prevent small particles escaping from the gap between 
the belt and the top plate as well as at the bottom edge of the belt. The belt teeth below the level 
of sprockets are grinded off (Figure 3-4 (d) and Figure 3-5 (e)) so the top plate can be in full 
contact with the inner wall of the belt. This greatly reduces the gap between the top plate and 
the belt. Furthermore, Figure 3-5 (d) shows that the boundary of top plate has been covered 
with two layers of brush-like draught excluder (brand: Raven R61). This seal material functions 
well at stopping particles escaping at the edge of the top plate because the brush around the 
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plate provides a near perfect seal against the shearing wall while also adding minimal friction. 
At the bottom, the belt sits inside a U-shaped groove to prevent small particles seeping 
underneath the belt. Low friction Teflon is inserted in the groove to minimise friction when the 
belt is turning (Figure 3-5 (e)).  
The mechanical friction induced from the turning of the belt are of the major concern in the 
design process of this device. Some of the techniques have already been mentioned previously 
in this section. A summary of these techniques are as follows:  
1. A layer of Teflon that has a very low friction coefficient is inserted inside of the groove 
on the bottom plate which largely reduces the tangential friction between the running 
belt and the groove; 
2. The brush-like draught excluder glued along the top plate greatly decreases the friction 
between the running belt and the top plate; and 
3. The bearings installed on the interfaces (between side plates and running belt and inside 
of the hole on the top plate holder) minimise the interface frictions to a large extent. 
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                                   (a)                                                                      (b) 
 
                                   (c)                                                                      (d) 
 
                                   (e) 
Figure 3-5. Pictures of the 3D SSD: (a) side plate and the design of the belt-plate interface, (b) 
top plate holder, (c) rollers built inside of the top plate holder to minimise friction at motion, 
(d) brush-like draught excluder, and (e) Teflon sheet to minimise the friction. 
 
Teflon	sheet	
Draught	excluder
Rollers	
Vertical	rod	
Top	plate	holder
Bearings	
Load	cells	
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3.1.3 Measurement devices 
 
Three continuous measurements are recorded during the shear tests which are carried out at 
various confining pressures and shear rates. Those include the normal force perpendicular to 
the major shear plane; the shear force along the major shear plane; and the vertical displacement 
of the top plate. To obtain these measurements, two load cells, one torque meter and a linear 
displacement transducer are installed on the 3D SSD. The following sections include details of 
each measurement device and its corresponding calibration. 
 
3.1.3.1 Load cells 
 
Two load cells are installed to measure the normal force at both the front and back face of the 
belt as shown in Figure 3-3 (b) and Figure 3-5 (a). The model of the load cell is MR01-100* 
of which the accuracy is ±0.15%, which measures up to 500 N with 0.5 N increments read by 
a Model 3i indicator. The S-shaped load cell is mounted to a side bar in a way that can easily 
detect the normal force during the shear tests.  
A calibration is firstly carried out to examine the accuracy of the load cell measurement. The 
procedure is as follows: the device is first turned to 90 degrees so the major shear plane is now 
horizontal to the horizon line, and a bag of lead shots of known weight is evenly distributed on 
the side wall of the belt. The lead shots should cover half of the inner area of the belt in to 
mimic actual experiments when the 3D SSD is filled with a sample. A comparison of the 
readings from the force indicators and actual weights of the lead shots are presented in Table 
3-3.  
As indicated in the table above, the actual weights of lead shots are all higher than the 
readings of both load cells 1 and 2 by a factor of approximately 1.7 for a weight range from 
50 N to 140 N. There are two main reasons for the differences. Firstly, the normal force that 
is acting on the belt is not fully transmitted to the load cells due to the mechanical design for 
implementing load cells to the device. Secondly, the load cells only measure the normal force 
acting on the central region of the belt, whereas the force acting near the two sprockets are 
excluded.  To eliminate the differences, a factor of 1.66 and 1.76 is applied to the readings of 
load cell 1 and load cell 2 respectively in all the experiments.    
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Table 3-3. Calibration for the load cells 
Load cell 1    
Lead shots mass Lead shots weight Load cell reading Ratio 
(kg) (N) (N)  
14.17 139.05 82.5 1.69 
9.41 92.31 57 1.62 
5.12 50.25 30 1.67 
  Average 1.66 
  STD. Deviation 0.035 
Load cell 2   
Lead shots mass Lead shots weight Load cell reading Ratio 
(kg) (N) (N)  
14.17 139.05 79 1.76 
9.34 91.59 52.5 1.74 
5.12 50.25 28 1.79 
  Average 1.76 
  STD. Deviation 0.021 
 
 
3.1.3.2 Torque sensor 
 
The shear force along the major shear plane is inferred from the measurement of a torque sensor 
(Brand: Kistler 4520A50) that is mounted coaxially under the motor and above the driven 
sprocket as indicated in Figure 3-3 (b). The measurement range of the torque sensor is up to 50 
N.m, and the speed measurement is up to 60 pulses/revolution. The rated speed is 8000 in the 
unit of 1/min. This torque sensor is used for measuring torque on a rotating shaft. A frequency 
modulation is used to transmit the torque signal into an analog signal that is read as voltage by 
a data acquisition system. The range of torque output is ±10 V DC. The voltage reading is then 
multiplied by 5 to obtain the torque in the unit of N.m. 
A calibration procedure is also conducted to inspect the accuracy of the installed torque sensor. 
Specifically, the belt is turned at a low velocity and then the rotating shaft is pulled in the 
opposite direction with a spring scale until the shaft stops rotating. Then the reading measured 
by the torque sensor is compared with the torque generated by the spring scale (reading of the 
spring scale ൈ moment arm). A good agreement was found between these two readings as 
indicated in Table 3-4. 
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Table 3-4. Calibration for the torque meter 
Applied force Applied torque Readings from torque 
meter 
Readings from torque 
meter 
(N) (N.m) (V) (N.m) 
3 0.183 0.036 0.181 
5 0.305 0.060 0.300 
10 0.610 0.120 0.600 
20 1.220 0.242 1.210 
    
 
3.1.3.3 Belt velocity measurement 
 
The torque sensor also allows to measure the rotational speed of the shaft by evaluating the 
light which shines through a grid wheel. A gallium-arsenide light diode serves as transmitter 
emitting at near infrared. The light is converted into an electric signal and after pulse shaper 
made available as “open collector” signal. There are 60 light-dark stripes on the pulse disc, so 
there are 60 pulses detected by the data acquisition system for one rotation of the shaft.  
 
3.1.3.4 Linear displacement transducer (LDT)  
 
The vertical displacement of the top plate is measured by a linear displacement transducer 
(LDT). It can provide an electric signal proportional to the linear displacement of the stroke. 
During the experiments, the LDT is held up with a frame that has a magnetic base attached to 
the top of the steel plate that is used to attach the sprocket. The stroke of the LDT is then rested 
on top of the loading frame to track the top plate movement. 5V DC input voltage is required 
for the LDT to function properly.  
A calibration procedure is conducted to find a linear relationship between the direct readings 
(in volts) and the displacement of the stroke. The correlation between the visible length of 
stroke and the corresponding readings is plotted in Figure 3-6 with a linear fitting line. There 
is a strong linear correlation between these two variables, with R2 being equal to 0.9992.  
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Figure 3-6. The correlation between the visible stroke length (in mm) of the LDT and the 
voltage reading from the data acquisition system.  
 
3.1.4 Calibration of mechanical friction 
 
This calibration is conducted to account for intrinsic frictions that are caused by the device’s 
mechanisms, and it should be carried out before and after every experiment. 
Before any experiments, the procedure that will be adopted in the following experiments is 
firstly conducted without any sample in the device. Note that the top plate should be kept at the 
same height (supported by two columns) during the calibration procedure as it will be in the 
following experiment. The same procedure will be repeated after each experiment to eliminate 
any possible creep effects in belt or hysteresis of the measurement devices.  
The readings of the two load cells and torque sensor (after converting into N.m) are firstly 
averaged over time and then averaged from the two calibrations conducted before and after the 
experiment, notated as F୒଴ and M଴ respectively. These two values are then deducted from the 
corresponding measurements during the experiment, which are referred to as F୒଴ and M଴ in 
Equation 3-1 and 3-2. Following this procedure, the measurements during the actual 
experiments are corrected by deducting amount of forces resulting from mechanical frictions 
(mainly comprising of frictions at interfaces, for example between the top plate and the belt, 
bottom plate and the belt, and the side plates (fixed in place) and the belt).  
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Figure 3-7. Measurements (converted into stress by applying Equation 3-1 and 3-2) from the 
torque sensor and the two load cells during the calibration conducted before (filled symbols) 
and after (open symbols) an experiment. LC1 and LC2 are the load cells installed at the central 
region of each side of the belt. For this test, the belt rotates for one full turn at a velocity of 
0.78 m/s. 
Figure 3-7 shows the development of calibration “stresses” for a typical experiment conducted 
with 3 mm glass beads at a confining pressure of 9.6 kPa and shear velocity of 0.78 m/s. Both 
“normal stress” (represented by the LC curves) and “shear stress” (represented by the torque 
sensor data) reach stable values quickly and then remain constant, but the measurements from 
“before calibration” are slightly higher than those from “after calibration”. Quantitatively, the 
measured normal stress and shear stress for this experiment are around 10 kPa and 4.2 kPa, and 
the averaging calibration forces account for 8% and 24% of the normal stress and shear stress, 
respectively. Hence, the calibration method of deducting the time-averaged calibration stresses 
from the actual measurements from the corresponding experiment is rationalised. It is noted 
that the torque measurement declines slightly with time, one reason we believe is the 
realignment of the components of the apparatus (for example, the top plate) that happens 
gradually along the shear displacement. 
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3.1.5 Stress tensors and stress state analysis for the 3D SSD configuration 
 
3.1.5.1 Stress tensors 
 
The representative stress tensors of an element of the tested material is portrayed in Figure 3-8. 
In this geometry, the averaged tangential stress components on the Z plane can be neglected 
(τ୸୶ ൌ τ୸୷ ൌ 0) due to the distribution of the local frictional stresses on that plane is expected 
to be antisymmetric about Y axis. The frictional stress components directed vertically are also 
expected to be zero (τ୶୸ ൌ τ୷୸ ൌ 0) because of the equilibrium. As a result, there are five non-
zero stress components σ୶୶, σ୷୷, σ୸୸, τ୶୷ and τ୷୶ acting on the soil element. In the following 
section we will discuss how to measure or calculate these five stress tensors. 
 
 
Figure 3-8. Schematic diagram of the stress components acting on a material element in the 
central region of the sample (߬௫௬ ൌ ߬௬௫ from equilibrium). The sample has dimensions of  
݈ ൌ 395 mm, ݓ ൌ 124 mm and ݄ ൌ 110 mm. 
 
σ୶୶ is the lateral normal stress calculated from the normal force measured by two load cells. 
The equation is: 
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                                                             	ߪ௫௫ ൌ ఈሺிಿିிಿబሻ௟௛  ,                                                      3-1 
where ݈ = 395 mm is the projected longitudinal length of the belt (see Figure 3-8), ݄ is the 
sample height (݄ equals to 110 mm in most of the cases, though ݄ may vary from 100 mm to 
115 mm), ܨே଴ is the normal force measured from the mechanical calibration procedure (see 
Section 3.1.4), ܨே  is the normal force measured during the actual experiment, and ߙ is the 
factor obtained from the load cell calibration (see Section 3.1.3, where it is indicated to be 
equal to 1.66 and 1.76 for load cell 1 and 2, respectively). 
The normal lateral stress on X-Z plane σ୷୷ cannot be measured directly from the current set-
up. However, σ୷୷ is later demonstrated to be equal to σ୶୶ using the Discrete Element Method 
(DEM) model, at least for shape-isotropic grains. The DEM model will be discussed in more 
details in Section 3.1.6.  
The constant normal stress σ୸୸ acting perpendicular to the Z-plane is calculated as the sum of 
the confining weight and half of the self-weight of the sample divided by the plate-soil contact 
area as shown in equation below: 
                                                                ߪ௭௭ ൌ ிೡା଴.ହௐೞ஺ ,                                                        3-2 
where F୴ is the sum of confining weight including applied weight (disks) and weight of top 
plate, Wୱ is the self-weight of the sample, and ܣ is the contact area between the top plate and 
the sample. 
The two in-plane shear stresses τ୶୷ and  τ୷୶ are equal in magnitude. Assuming that the belt 
applies uniform shear stress on the shear plane, these shear stresses are uniformly distributed. 
They are calculated from the equation below: 
                                                           ߬௫௬ ൌ 	 ߬௬௫ ൌ ெିெబோ௛௅  ,                                                     3-3 
where M is the applied torque measured by the torque meter during the experiment, R = 62 mm 
is the radius of the sprockets (or half of the sample width), L = 966 mm is the overall length of 
the belt, and M଴ is the torque measured from the mechanical calibration procedure (see Section 
3.1.4).  
 
 
 
55 
 
3.1.5.2 Mohr’s circles analysis of the stress state 
 
The three-dimensional stress state in SSD is further investigated by employing Mohr’s circle 
diagrams. Given the five stress tensors stated in the previous section, the dimensionality of the 
problem requires three distinct Mohr’s circles shown in Figure 3-9. Three dimensionless stress 
ratios are defined below: 
                                                 	ߤ ൌ ఛೣ೤ఙೣೣ ,				݇ ൌ
ఙೣೣ
ఙ೥೥ ,					ݏ ൌ
ఙ೤೤
ఙೣೣ ,                                             3-4 
where ߤ is the frictional coefficient that characterises the shear strength of the granular material, 
which is equal to ݐܽ݊ ߮ (where ߮ is the friction angle). ݇ is the ratio of lateral normal stress 
and vertical normal stress, which refers to the earth pressure in soil mechanics. These two 
dimensionless variables are directly measurable in the current configuration. Stress ratio ݏ is 
not directly measured but is later proved, by DEM, to be 1 for isotropic-shaped grains (near 
spherical). For generality, ݏ is treated as an unknown in the following analysis. Given that ߪ௫௫ 
and ߪ௬௬ act on two planes that are orthogonal to each other, the line joining points (ߪ௫௫, ߬௫௬) 
and (ߪ௬௬, ߬௬௫) should pass through the centre of the Mohr’s circle of the horizontal X-Y plane 
(with normal in Z direction). ߪ௭௭  acts perpendicularly to the Z-plane where no shear stress 
occurs, hence ߪ௭௭  can only be one of the principle stresses (maximum principle stress ߪଵ , 
intermediate principle stress ߪଶ , or minimum principle stress ߪଷ) depending on its relative 
magnitude to the measured ߪ௫௫. For convenience of computation, the centre of the Mohr’s 
circle, where the point (ߪ௫௫, ߬௫௬) is located, can be calculated by: 
                                                ߪ௠ ൌ ଵଶ ൫ߪ௫௫ ൅ ߪ௬௬൯ ൌ
ఙೣೣ
ଶ ሺ1 ൅ ݏሻ ,                                       3-5 
where the radius of that circle is: 
                                  ݎ ൌ ටሺଵଶ ߪ௫௫ െ
ଵ
ଶ ߪ௬௬ሻଶ ൅ ߬௫௬ଶ ൌ
ఙೣೣ
ଶ ඥሺ1 െ ݏሻଶ ൅ 4ߤଶ .                      3-6 
Two other variables are also defined in terms of maximum and minimum principal stresses σଵ 
and σଷ, which correspond to a Rankine-like stress ratio ݇ଵଷ and a friction angle ߮: 
                                                  	݇ଵଷ ൌ ఙభఙయ ,										߮ ൌ ݏ݅݊
ିଵ ቀఙభିఙయఙభାఙయቁ .                                     3-7	
 
The expressions for kଵଷ and φ will be discussed for three scenarios, depending on whether the 
applied  σ୸୸ is larger, smaller or in between the other two principal stresses. Note that even 
during one single test, the loading conditions may switch from one scenario to another. 
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Figure 3-9. Mohr’s circles representing three stress states: (a) ߪ௭௭ ൌ ߪଵ, (b) ߪ௭௭ ൌ ߪଶ and (c) 
ߪ௭௭ ൌ ߪଷ 
 
 
Scenario 1: 
The case of σ୸୸ ൌ σଵ occurs when σ୸୸ ൒ σ୫ ൅ r, as shown in Figure 3-9 (a). In this case, 
σଷ ൌ σ୫ െ r, so the expressions for  kଵଷ is: 
                                             ݇ଵଷ ൌ ఙ೥೥ఙ೘ି௥ ൌ
ଶ
௞ቀଵା௦ିඥሺଵି௦ሻమାସఓమቁ .                                    3-8	
 
At failure, the friction angle φ can be represented as:  
                                 ߮  ൌ ݏ݅݊ିଵ ቀఙ೥೥ିሺఙ೘ି௥ሻఙ೥೥ାሺఙ೘ି௥ሻቁ ൌ ቆ
ଶି௞൬ሺଵା௦ሻାඥሺଵି௦ሻమାସఓమ൰
ଶା௞൬ሺଵା௦ሻିඥሺଵି௦ሻమାସఓమ൰ቇ .                   3-9	
 
Scenario 2: 
The case of σ୸୸ ൌ σଶ occurs when σ୫ െ r ൑ σ୸୸ ൏ σ୫ ൅ r, as indicated in Figure 3-9 (b). In 
this case, σଷ ൌ σ୫ െ r and σଵ ൌ σ୫ ൅ r.  
Thus, 
                                            ݇ଵଷ  	ൌ ఙ೘ା௥ఙ೘ି௥ ൌ
ሺଵା௦ሻାඥሺଵି௦ሻమାସఓమ
ሺଵା௦ሻିඥሺଵି௦ሻమାସఓమ	.                                   3-10 
At failure, the friction angle φ in this scenario can be expressed as: 
                                           ߮  ൌ ݏ݅݊ିଵ ቀ ௥ఙ೘ቁ ൌ ݏ݅݊
ିଵ ൬ඥሺଵି௦ሻమାସఓమଵା௦ ൰ .                             3-11 
Scenario 3: 
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The case of σ୸୸ ൌ σଶ occurs when ൑ σ୸୸ ൏ σ୫ െ r, as drawn in Figure 3-9 (c). In this case, 
σଵ ൌ σ୫ ൅ r. 
Thus, 
                                              ݇ଵଷ ൌ ఙ೘ା௥ఙ೥೥ ൌ
௞ሺଵା௦ሻାඥሺଵି௦ሻమାସఓమ
ଶ 	.                                 3-12 
 
 
At failure, the friction angle φ is found as: 
                              ߮  ൌ ݏ݅݊ିଵ ቀሺఙ೘ା௥ሻିఙ೥೥ሺఙ೘ା௥ሻାఙ೥೥ቁ ൌ ቆ
௞൬ሺଵା௦ሻାඥሺଵି௦ሻమାସఓమ൰ିଶ
௞൬ሺଵା௦ሻିඥሺଵି௦ሻమାସఓమ൰ାଶቇ .                    3-13 
It is noticeable that in all three scenarios listed above, kଵଷ and φ depends on k, μ and s, where 
k and μ are directly measurable from the experiments. The relationship between σ୶୶ and σ୷୷ 
are lately investigated by DEM simulations. The simulation demonstrates that σ୶୶ is equal to 
σ୷୷  (s ൌ 1) for the case of isotropic-shaped grains. 
 
3.1.6 DEM model 
 
In this part, we present a Discrete Element Model tests developed by Dr. Benjy Marks, using 
the parameters provided by the author. The model is developed for several reasons: 
1. To support the validity of the physical tests conducted with the 3D SSD; 
2. To support the assumption that the normal lateral stresses in two orthogonal directions 
are equal, i.e. s =1 ( s is defined in Section 3.1.5.2); 
3. To demonstrate the minimal effects of the roughness of the upper and lower planner 
boundaries on the measured material behaviour. 
The DEM model was developed using MercuryDPM (Thornton et al., 2012; Weinhart et al., 
2012). Figure 3-10 shows the model in the simulation, which represents a slice of system in the 
central region with width w = 124 mm, height H=110 mm and thickness 30 mm (10 grains 
diameters). The parameters adopted in the simulation were calibrated based on Fuchs et al. 
(2014). Particles simulated in the system are 3 mm glass spheres with 20% polydispersity and 
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a density of 2500 kg/m3. Contacts between Particle-particle and particle-boundary are 
modelled in the normal direction by linear spring-dampers, with stiffness and damping defined 
by a collision time of 88μs and restitution coefficient of 0.5. Unless otherwise stated the 
contacts also have both sliding resistance, with friction coefficient 0.5, and rolling resistance 
of 10ିଷ. In the DEM model, the coordinate system is following the system defined in Figure 
3-8. The system is bounded by rigid walls in the y and z directions, and is periodic across the 
vertical planes normal in the y direction. Periodic boundary means that particles are free to 
move in and out of the boundaries in the y direction. A velocity of 40.7 mm/s in y direction is 
also applied to y-z plane (shown as the darker black surface) in order to simulate the belt motion 
(the major shear plane).  The stress was measured as sum of all contact forces divided the area 
of the boundary (ignoring the kinetic stresses). The stress response was studied in terms of the 
dimensionless inertial number I, which is defined in Chapter 2 and is widely used in granular 
physics to represent frictional rate effects during granular flows in terms of the ratio between 
inertial and deformation timescales (Savage and Sayed, 1984; Da Cruz et al., 2003; Gdrmidi, 
2004).  
 
Figure 3-10. DEM model of a 30 mm slice at the central region of the 3D SSD. The black side 
panels represent the shearing belt, while the panels in grey shows the top and bottom plates. 
The vertical boundaries are periodically connected which allows open flow of particles along 
the direction indicated in the figure. The top plate can move vertically in order to maintain a 
constant pressure of 9.7 kPa on top, or equally a stress of 10.6 kPa at the centre of the sample 
(including the self-weight of the sample). 
X Y 
Z 
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The walls represent the belt slide in the y direction and do not move in the x direction. Their 
rolling and sliding coefficients were set to unity, to limit particle sliding or rolling relative to 
the belt. The effect of the sliding coefficient μୱ of the top and bottom will be investigated, while 
fixing their rolling resistance to μ୰=10ିଷ. The top plate is allowed to move in the z direction 
and is attached to a critically damped spring-damper system that applies a pressure of 10.6 kPa. 
Particles are initially placed on a regular cubic grid in the space, and a relatively high I=0.1 is 
first applied for a shear deformation of 1 mm to expedite the approach to critical state, together 
with the top load and gravity of 9.81 m/s2. After this stage, the shear rate is gradually lowered 
to achieve the targeted inertial number I. Once a steady state is reached (when the height of the 
top plate is relatively constant), the normal and tangential stresses on the boundaries are 
calculated, and averaged over 10 s of shearing. To study the shear rate dependence of μ and k, 
further simulations were conducted under I =10ିଷ and I =10ିସ for 14 mm glass beads when 
μୱ was set to zero. 
The stresses were measured as sum of all contact forces divided by the area of the boundary 
(ignoring the kinetic stresses). The stress distribution across the width of the 3D SSD device is 
analysed using the DEM model, to validate the uniformity of the stresses and the assumption 
of s = 1, i.e. σ୶୶ = σ୷୷ for the shape isotropic particles studied in this chapter. Indeed, as shown 
in Figure 3-11  (a), both the normal lateral stress σ୶୶ and the shear stress τ୶୷ are approximately 
uniform across the width of the device, at least for the tested inertial numbers I =10ିଶ and I 
=10ିଷ. This represents one of the major advantages of the 3D SSD over the other perpetual 
shear devices (ring shear and couette) where the stress decays radially.  
As shown in Figure 3-11 (b), the lateral normal stresses σ୶୶ and σ୷୷ are approximately equal 
throughout the whole experiment. This is shown diagrammatically as the entire data set follows 
the σ୶୶ = σ୷୷ line. 
Based on the DEM simulations it is therefore reasonable to conclude that σ୶୶ = σ୷୷, at least for 
the shape isotropic particles tested in this paper. Accordingly, since the maximum shear stress 
must be the one applied by the belt τ୶୷, it follows that σ୸୸ =  σଶ is the intermediate principle 
stress, such that Equation 1-9 and 1-10 hold, and since s = 1 we find: 
                                                    ݇ଵଷ ൌ ଵାఓଵିఓ,   ߮ ൌ ݏ݅݊ିଵሺߤሻ .                                         3-14 
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(a)                                                                               (b) 
Figure 3-11. DEM simulation results: (a) Normal and shear stresses plotted across the width 
of the sheared system for ܫ ൌ 10ିଷ and ܫ ൌ 10ିଶ at critical state; (b) The relationship between 
ߪ௫௫ and ߪ௬௬ during the entire simulation. 
3.2 EXPERIMENTAL METHODOLOGY 
 
In this section, we included the properties of sample that has been tested with SSD, and 
summarised a list of experiments that have been carried out with their purposes and detailed 
step-by-step experimental protocols.  
Three validation experiments were firstly carried out to test the capability of this newly 
developed device for different experiment purposes. The first validation experiment was 
conducted with 3 mm diameter glass beads. The glass beads sample was sheared to a very large 
displacement (to ensure the attainment of its critical state) at a fixed shear velocity under three 
different confining pressures. The normal and shear stresses were measured and plotted against 
the shear displacement for the different confining pressures. Secondly, the attainment of the 
critical state is compared between the sample with spherical particles (glass beads) and the 
sample with elongated particles (rice). Thirdly, we also conducted large deformation shear tests 
with samples that are prepared at different initial relative densities with shear and normal 
stresses plotted along the shear displacement. 
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From the confidence gained from conducting the validation experiments, we further conducted 
intense of experiments with the 3D SSD to study the effects of initial packing condition, 
particle shape and particle size distribution on shear strength and dilatancy of natural sands. 
The cohesionless sands studied in this thesis include Quartz, Nepean River Sand and gravel, 
Basalt sand and gravel. Moreover, the friction coefficient and stress ratio are investigated with 
both glass beads and natural sands at shear rates that vary the inertial number in four orders of 
magnitude. In the following text, we will discuss in more details the sample properties and 
preparation, as well as the experimental protocols for the representative experiments carried 
out in our study.  
 
3.2.1 Sample properties 
 
Figure 3-12 shows several pictures of tested particles obtained under a microscope. As shown 
in the figure, four types of granular materials are tested in this thesis, including glass beads 
(with diameters of 1 mm, 3 mm and 14 mm), Nepean River sand and gravel (with 10% and 30% 
gravels), Basalt sand and gravel (with 10% and 66% gravels), Quartz and Jasmine rice. 
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Figure 3-12. Microscopic pictures of samples (from left to right, top to bottom): 1 mm glass 
beads, 3 mm glass beads, Nepean River Sand with 30% gravel content (NRS1, particle diameter 
range 0.425 mm ~ 3.35 mm), Nepean River Sand with 10% gravel content (NRS2, particle 
diameter range 1.18 mm ~ 2.36 mm), Basalt with 10% gravel content (BS1, particle diameter 
range 1.18 mm ~ 2.36 mm), Basalt with 66% gravel content (BS2, particle diameter range 
0.425 mm ~ 3.35 mm), Basalt with 100% gravel content (BS3, particle diameter range 2.36 
mm ~ 3.35 mm), Quartz with 10% gravel content (Q1, particle diameter range 1.18 mm ~ 2.36 
mm), Quartz with 100% gravel content (Q2, particle diameter 3.5 mm), and Jasmine rice.  
 
Table 3-5 tabulates the properties of all the samples included in Figure 3-12. The particle 
density of glass beads is assumed to be 2500 kg/m3 based on literature reviews and the 
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polydispersity is less than 20% for 1 mm and 3mm glass beads. The particle of 14 mm diameter 
is marble which has a perfect spherical shape (not included in Figure 3-12). Because the range 
of packing densities is relatively small for glass beads, it is not of our interest to investigate the 
initial packing condition effects with glass beads, and thus no emax and emin for glass beads are 
reported in the table. However, the average void ratio for the normally packed glass beads is 
found to be 0.645.  
Nepean River Sand is a coarse sand normally used as a compacted base material under pavers 
and retaining walls. The apparent particle density tested in the laboratory following the method 
described in (Standard, 2006) is 2630 kg/m3. Two mixtures termed NRS1 and NRS2 with 
different particle size distributions (or gravel contents) are prepared with Nepean River sand. 
Refer to Figure 3-13 the Particle Size Distribution (PSD) curves. The gravel contents for NRS1 
and NRS2 are 30% and 10% respectively, and the particle diameter of NRS1 is ranging from 
0.425 mm to 3.35 mm whereas the particle diameter range for NRS2 is only between 1.18 mm 
to 2.36 mm. The maximum and minimum void ratios are obtained by combining two standards: 
(International, 2016) and (Standard, 2006). Specifically, the maximum void ratio is obtained 
according to (Standard, 2006). The sample is firstly poured into a mould with known 
dimensions as loosely as possible, and then the excess soil level at the top is carefully trimmed 
off by a straightedge. The bulk density of the loose packed sample is then calculated with 
known dimension of mould and the sample weight. The minimum void ratio is determined by 
(International, 2016): the sample firstly is filled in the mould which is fixed on a vibration table. 
It then undergoes 15 minutes of vibration at a frequency of 50 Hz (5 minutes without surcharge 
follows by 10 minutes with 5 kg surcharge on top). After vibration, the excess level of soil is 
removed and the weight of the remaining soil is then measured.  
Basalt is a common igneous rock that is widely used as an aggregate in construction projects, 
for example, road base, railroad ballast, asphalt pavement, etc. Three testing samples are made 
of Basalt which are termed B1, B2 and B3. Among these three samples, B2 has the widest 
particle size distributions (0.425 mm ~ 3.35 mm) and B3 has the largest particle diameter (3.5 
mm). The gravel contents for B1, B2 and B3 are found to be 10%, 66% and 100%, respectively, 
based on the PSD curves. Following the same testing methods mentioned above, the particle 
density and maximum and minimum void ratios for three basalt samples are obtained and 
reported in Table 3-5.   
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Quartz (SiO2) is the most widely distributed mineral found at Earth’s surface and highly 
resistant to mechanical weathering. It is an excellent abrasive material thanks to its high 
hardness and being used for sand blasting, scouring cleansers and grit for sanding and sawing. 
Two mixtures of Quartz are studied here: Q1 has a particle diameter range of 1.18 mm to 2.36 
mm and gravel content of 10%; Q2 has a particle diameter around 3.5 mm and gravel content 
of 100%. The diameter of rice grains shown in the table is called circle equivalent diameter 
which is measured by Morphologi G3 in the Particle and Grains Laboratory (producer: Malvern 
Instruments Limited). The particle density and emax and emin of Q1 and Q2 are also obtained 
from laboratory tests and reported in Table 3-5. 
Table 3-5. The properties of different mixtures of natural gravel or sand. 
Sample Equivalent 
mean diameter
Particle 
density 
Gravel 
content 
Cu emax emin 
 (mm) (kg/m3) (%)   
Glass beads 1, 3, 14 2500 - - - -
Nepean River Sand 
(NRS1) 
1.5 2630 30 3 0.79 0.51 
Nepean River Sand 
(NRS2) 
1.7 2630 10 1.44 1.01 0.66 
Basalt (B1) 1.6 2750 10 2 1.18 0.85
Basalt (B2) 2.7 2750 66 3.2 1.02 0.58
Basalt (B3) 3.5 2750 100 1.46 1.09 0.70
Quartz (Q1) 1.6 2650 10 1.2 0.96 0.59
Quartz (Q2) 3.5 2650 100 1 0.87 0.59
Jasmine Rice 3.8 1300 - - - -
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Figure 3-13. Particle size distributions for different mixtures of three natural gravel or sand: 
Nepean River sand (or gravel), Basalt, and Quartz. 
 
Table 3-6 summarises the particle shape properties of the five granular materials: glass beads, 
Quartz, Nepean River sand, Basalt and Jasmine rice. The properties are obtained from testing 
samples with Morphologi G3 which provides the ability to measure the morphological 
characteristics (size and shape) of particles. 
The Morphologi G3 reports three shape factors: circularity, convexity and elongation. 
Circularity is a factor to quantify how close the shape is to a perfect circle. The equation to 
calculate circularity is ସ஠୅୔మ  (A is the particle area and P is its perimeter). Hence, a perfect circle 
has a circularity of 1 while a ‘spiky’ or irregular object has a circularity value closer to 0. 
Convexity is a measurement of the surface roughness of a particle. It is calculated by dividing 
the convex hull perimeter by the actual particle perimeter. Convex hull perimeter can be 
referred to the length of an elastic band placed around the particle. Therefore, a smooth shape 
has a convexity of 1 while a ‘spiky’ or irregular object has a convexity close to 0. Elongation 
is defined as (1 – aspect ratio). A shape symmetrical in all axes (circle or square) has an 
elongation value of 0, and shapes with large aspect ratios have an elongation closer to 1. These 
three factors were obtained from scanning a sample of number of particles not less than 300 
with Morphologi G3, and the standard deviation of each parameter is less than 0.1.  Roundness, 
like circularity, is measuring how closely the shape of a particle approaches that of a perfect 
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circle. The equation for roundness is different from calculating circularity: ସ୅஠୶మ (x is the length 
in the major axis of the particle). In some of the previous studies on the effects of particle shape 
on shear behaviours, roundness was a typical factor used to characterise the particle shape, 
hence we also reported roundness for each of the particle. From Table 3-6 one can conclude 
that in terms of circularity, convexity and roundness, glass beads are in most spherical shape 
with the smoothest surface, followed consecutively by Quartz, Nepean River Sand and Basalt. 
Basalt has the lowest convexity which indicates that the particle shape of Basalt is the most 
angular. One can also find that the particle shape of Jasmine Rice is the most elongated.  
 
Table 3-6. Particle shape properties (circularity, convexity, elongation) and particle images 
of different samples. 
SAMPLE CIRCULARITY CONVEXIT
Y 
ELONGATION ROUND-
NESS 
PARTICL
E IMAGE 
GLASS 
BEADS 
0.947 0.99 0.074 0.970 
QUARTZ 0.783 0.948 0.204 0.832 
NEPEAN 
RIVER 
SAND 
0.656 0.906 0.355 0.689 
BASALT 0.541 0.81 0.257 0.559 
JASMINE 
RICE 
0.542 0.955 0.700 0.307 
   
*  Table only includes the mean value of each shape factor. 
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3.2.2 Experimental protocol  
 
The experimental protocols developed particularly for this 3D SSD are outlined in this section. 
Following the protocols, the mechanical frictions will be eliminated from the testing results 
and the repeatability of the results are also assured. Overall, three types of experiments are 
conducted, and the experimental procedures are reported step by step. 
 
3.2.2.1 Shear strength and dilatancy at peak and critical state 
 
The purpose of this experiment is to investigate the shear strength and dilatancy at the peak 
and critical state by shearing a sample to a very large deformation (far beyond the peak stress).  
Steps for conducting this experiment are: 
 
Pre-experiment calibration 
1. Turn on load cells (zero all the readings) and torque meter measurement before placing 
the top plate. 
2. Place the top plate at the same height as it will be during the shear test (testing with 
sample) with two columns supported underneath. 
3. Turn on the belt and keep it running for sufficient turns (until measurements are 
stabilised) under the same velocity as the following experiment, and start recording 
both the torque and normal force at the beginning of the belt running. (The measured 
forces will be stabilised at a constant value after two belt turns, as proved in section 
3.1.4 calibration study). Switch off the motor after completing the pre-experiment 
calibration. 
Experiment 
4. After conducting the pre-experiment calibration, fill up the sample to a height not lower 
than the side plates (this is to ensure that the force measured from two load cells are 
from shearing the sample, and not from shearing the top plate). In some experiments, 
the sample was prepared to a certain initial bulk density, depending on the specific 
requirement. Do not zero any readings in this step.  
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5. Fix the top plate with the top plate holder and apply certain weights on the loading 
frame. Then place the stroke of the LDT on top of the loading frame to measure the 
vertical displacement. 
6. Turn on the belt to the required velocity and keep it turning for sufficient displacement 
until attaining the critical state, which is indicated by the volumetric change of the 
sample measured by the LVDT (lateral strains are fixed as part of the configuration). 
Start recording normal force, torque and vertical displacement from the beginning of 
the belt running. Switch off the motor after conducting the experiment. 
Post-experiment calibration 
7. Use a vacuum to remove the sample, and repeat the steps in pre-experiment calibration. 
Do not zero any readings. 
 
3.2.2.2 The role of confining pressure 
 
This set of experiments is carried out to study the role of the confining pressure on the shear 
strength of granular materials. Steps for conducting this experiment are reported as follows: 
 
Pre-experiment calibration 
1. Same as the step 1 in section 3.2.2.1 
2. Same as the step 2 in section 3.2.2.1 
3. Determine several pairs of shear velocities and confining pressures to keep the inertial 
numbers approximately the same (since inertial number is directly proportional to shear 
rate and inversely proportional to √P). 
4. Start running the belt for two turns at the lowest velocity, and then increase the velocity 
to the second lowest velocity and keep the belt running for another two turns (with no 
stops in between). Continue doing so until reaching the highest velocity.  
5. Reverse the procedure in step 4 by running the belt from the highest to the lowest 
velocity (keep it running for two turns at each velocity). Force measurements start at 
the beginning of the belt running (in step 4) and continuously record the force during 
the whole process. Switch off the motor after completing the pre-experiment calibration. 
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Experiment 
6. Same as the step 4 in section 3.2.2.1 
7. Fix the top plate with the top plate holder and apply the smallest weight. Set the belt to 
the corresponding velocity that pairs with the applied confining pressure and start 
running the belt for five turns. Start recording the force at the beginning of the belt 
running.  
8. Change the velocity to the next velocity (second lowest velocity) and, at the same time, 
apply the second smallest weight. Keep the belt running for enough turns until the 
critical state is reached. Then move to the next velocity until reaching the highest 
velocity. Forces are continuously recorded in this step. 
9. Reverse the procedure in step 8 by running the belt from the highest to the lowest 
velocity (keep it running for five turns at each velocity). Force are continuously 
recorded in this step. Switch off the motor after conducting the experiment. 
Post-experiment calibration 
10. Use a vacuum to remove the sample, and repeat the steps listed in pre-experiment 
calibration. Do not zero any readings at this step.  
 
3.2.2.3 Stress dependency on shear rate 
 
To investigate the stress dependency on shear rate, we conducted this set of experiments by 
following the steps listed below: 
Pre-experiment calibration 
1. Same as the step 1 in section 3.2.2.1 
2. Same as the step 2 in section 3.2.2.1 
3. Start running the belt from the lowest required velocity to the highest required velocity. 
The belt is kept running for two turns at each velocity. Record both torque and normal 
force during the whole process. Switch off the motor after completing the pre-
experiment calibration. 
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Experiment 
4. Same as the step 4 in section 3.2.2.1.  
5. Fix the top plate with the top plate holder and apply the required weight through the 
loading frame. Set the velocity of the belt to the lowest velocity and keep the belt 
running for enough turns until the critical state is reached. Forces are recorded at the 
beginning of the belt running.  
6. Increase the velocity to the second lowest velocity and keep the belt running for five 
turns. Then increase to the next velocity until reaching the highest velocity. Forces are 
continuously recorded during this process.  
7. Reverse the procedure in step 6 by running the belt from the highest to the lowest 
velocity (keep it running for five turns at each velocity). Force are continuously 
recorded in this step. Switch off the motor after conducting the experiment.  
Post-experiment calibration 
8. Use a vacuum to remove the sample, and repeat the steps listed in pre-experiment 
calibration. Do not zero any readings at this step.  
3.3 SUMMARY 
 
In this chapter we firstly introduced the 3D Stadium Shear Device (SSD) with full details 
including a new mechanical design of this apparatus and calibrations of the measurement 
devices. Thereafter, we investigated the stress tensors and different scenarios of the stress state 
in the 3D SSD by employing the representative Mohr’s circles, in order to thoroughly 
understand the stress behaviour of the granular materials tested with this device. Additionally, 
A Discrete Element Model was created to validate the experimental results from testing glass 
beads, and to support the stress assumptions that asserts the two lateral stresses are equal for ܫ 
of 10ିଶ and 10ିଷ. Finally, we presented the experimental methodology applied in this study 
with describing sample properties and listing the various test protocols step by step.  
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4 TEST RESULTS USING THE 3D SSD AND DISCUSSIONS 
 
In this chapter, the performance of the 3D SSD is first tested by conducting trial tests with 
isotropic-shaped grains (glass beads) and elongated-shaped grains (Jasmine rice). Using these 
tests, we show the effectiveness of this device for capturing the stress responses in the critical 
state for various-shaped particles, also under different vertical confining stresses. Thereafter, 
we conduct more robust experiments with a wider range of soils with different properties 
including particle shapes, initial densities and particle size distributions. The results are related 
to available literature, and interesting trends are revealed. In the end, we study the shear rate 
dependency of the friction coefficient and the lateral stress coefficient, and results are cross-
validated with the results from DEM simulation. 
4.1 TRIAL TESTS 
 
To evaluate the performance of the newly developed device 3D SSD and the associated data 
acquisition system, a series of validation tests were first conducted with different testing 
conditions on a wide range of samples. For instance, samples with different particle shapes, 
initial packing conditions or characteristics of particle grading were tested under different 
confining pressures and shear rates. The validation tests performed to study:  
1. Large shear displacement tests on isotropic shape grains (glass beads);  
2. Large shear displacement tests on elongated grains (Jasmine rice); and 
3. The effects of vertical confining stresses on friction coefficient ߤ and stress ratio ݇.                                      
 
4.1.1 Large shear displacement tests on isotropic shape grains 
 
The measured normal stress σ୶୶  (averaged of load cells 1 and 2), shear stress τ୶୷, friction 
coefficient μ and stress ratio of lateral and vertical normal stress k for the case of shearing 3 
mm glass beads system under three confining vertical stresses (1.9 kPa, 7.3 kPa and 9.2 kPa) 
are presented in Figure 4-1. The experiment was conducted following the protocols in Section 
3.2.2. The “nominal shear displacement” refers to the actual belt displacement during the 
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experiment. It may not equal the shear displacement of the tested sample if localisation was to 
develop near the belt, or if stick-slip effects occur at the interface of the shear plane. 
Quantitatively, both the measured normal and shear stresses reach their steady states rapidly 
and then remain at relatively constant values during the large shear displacement. In Figure 4-1 
(c) and (d), we show the relationships between three stress variables σ୶୶, τ୶୷ and σ୸୸ in terms 
of friction coefficient μ (defined as τ୶୷/σ୶୶) and stress ratio k (defined as σ୶୶/σ୸୸) along the 
large shear displacement. In this case, the granular system is sheared at a shear rate of 0.129 s-
1 which gives the inertial numbers I of 4.4 ൈ 10ିସ, 2.3 ൈ 10ିସ and 2 ൈ 10ିସ for σ୸୸ = 1.9 kPa, 
7.3 kPa and 9.2 kPa, respectively. The shear rate in the 3D SSD is calculated from γሶ ൌ
2Vୠୣ୪୲/w, with Vୠୣ୪୲ is the velocity of the belt and w the width of the sample. The plots reveal 
that the shear flow is still in the quasi-static regime based on the flow regime classification in 
the literature (Gdrmidi, 2004). The average value of μ under all vertical confining stresses stays 
constant at 0.3 ~ 0.32. The relatively large fluctuation (11%) can be observed at the lowest 
vertical confining stress, where the sample is less confined vertically and tends to dilate easily. 
The magnitude of μ for glass beads is in a good agreement with previous studies (Da Cruz et 
al., 2005; Jop et al., 2005; Jop et al., 2006; Forterre and Pouliquen, 2008).  
It is also interesting to find that the value of k stabilises at around 1 to 1.05 when the system is 
sheared to the steady state, except for the lowest stress, where k keeps declining even at large 
deformation. Overall, the stress responses illustrate that the system of 3 mm glass beads attains 
its critical state rapidly after the onset of shearing, with no peaks observed before the attainment 
of critical state attainment. Both μ and k show a decreasing trend with the increasing vertical 
confining stress σ୸୸. This will be further discussed in Section 4.1.3.  
 
                                  (a)                                                                    (b)    
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                                  (c)                                                                    (d) 
Figure 4-1. Large shear displacement tests with 3 mm glass beads at a shear rate of 0.129 s-1 
and under three vertical confining stresses of 1905 Pa, 7322 Pa and 9218 Pa: (a) Normal stress 
versus shear displacement, (b) Shear stress versus shear displacement, (c) Friction coefficient 
μ versus shear displacement, and (d) Stress ratio k versus shear displacement.  
 
4.1.2 Large shear displacement tests on elongated shape grains 
 
The 3D SSD is employed to capture the effects of particle shape on the attainment of the critical 
state. We conducted the large shear tests on Jasmine rice (elongated shape grains) as a 
comparison of the results from shearing glass beads (isotropic shape grains). The elongation of 
Jasmine rice and glass bead is 0.7 and 0.074, respectively. Firstly, the sample of Jasmine rice 
is sheared for 30 turns of the belt (equal to a nominal displacement 3 ൈ 10ସ mm) under a 
vertical confining stress of 1905 kPa at three shear rates:  0.0129 s-1, 0.129 s-1 and 1.29 s-1.  
In Figure 4-2 (a), it shows that the normal stress at lowest shear rate is the highest, follows by 
the normal stress at highest shear rate. Normal stress at middle shear rate is the lowest among 
the three. The normal stress also increases with shear displacement increasing regardless of the 
shear rate. However, the measured shear stress is closely independent on  thedifferent shear 
rates, and is relatively constant with the shear displacement.  
Figure 4-2 (b) shows the ratio of shear stress and normal stress, where a positive correlation 
between μ  and shear rate is found. μ  is also found decreasing with shear displacement 
increasing. These relations are not necessarily indicated separately for shear stress and normal 
stress; instead, we focus on the ratios of shear stress/normal stress. Since the stress 
k
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measurement could be sensitive to the alignment of the device parts, particularly the top plate. 
The slightly different installation of the top plate could lead to a lightly higher or lower stress 
measurements under similar vertical confining pressures.  
From the decline of μ over the entire shear displacement, one can also preliminarily conclude 
that unlike the round particles (glass beads), a much longer shear displacement is required for 
elongated-shape particles like Jasmine rice to reach their critical state.  
 
                                     (a)                                                                    (b) 
Figure 4-2. Large shear displacement tests with Jasmine rice at three shear rates of 0.0129 s-1, 
0.129 s-1 and 1.29 s-1 and under a vertical confining stress of 1905 kPa: (a) Shear stress (dashed 
lines) and normal stress (solid lines) versus shear displacement, and (b) Friction coefficient μ 
versus shear displacement. Symbols represent the average μ over every 5000mm displacement 
of the belt. 
 
Since granular media with elongated particles do not achieve the critical state even after 
3 ൈ 10ସmm shear displacement, we performed an additional set of experiments with extremely 
large shear displacement. 
The sample is firstly prepared into three different initial void ratios and sheared to 2 ൈ 10଺mm 
displacement at a shear rate of 0.76 s-1 under confining pressure of 7 kPa. Figure 4-3(a) 
demonstrates the stress evolution along the large shear displacement. Both the shear and normal 
stresses start to mobilise at relatively constant values after 4 ൈ 10ହmm of shear displacement. 
The sample with low void ratio (densely packed sample) requires larger shear displacement to 
reach stabilised stresses. Figure 4-3(b) shows the evolution of the friction coefficient μ. The 
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trend indicated is comparable for the three samples of different initial void ratios, with a peak 
at the onset of shearing, and then a decline and stabilisation at a value of μ at 4 ൈ 10ହ mm 
displacement. One can also find that for the densest case e = 0.54, the value of μ continues to 
decrease during the entire shear deformation and the stabilised value seems to never be 
achieved. Nouguier‐Lehon et al. (2003) suggested an explanation for this phenomenon after 
analysing shear strength behaviour of different particle shapes in DEM. They concluded that 
the initial anisotropy plays an important role and its evolution is highly influenced by the 
direction of loading for samples with elongated grains. If loading is performed in a direction 
perpendicular to the direction of deposit, anisotropy evolves very gradually, and thus a critical 
state cannot be observed even for large strains. Another possible reason may lie in the small 
amount of particle leakage at the gap at boundaries after extremely long period turning of belt 
under pressure. Particle grinding could be another reason to explain this hardly-reaching critical 
state. Quantitively, the value of μ decreases from 0.45 at peak for the most densely packed 
sample, to 0.25 (after stabilising) for all initial packing fractions. The peak value and the final 
value of μ  does not decrease by such a large amount for the loosely packed sample. 
Nevertheless, the attainment of critical state for the elongated-shape particles is still 
questionable due to the possibility of the localisation of shear band occurring close to the shear 
boundary.  
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(a)                                                                    (b) 
Figure 4-3.  Extremely large shear displacement experiments with Jasmine rice (2000 turns of 
the belt) under a vertical confining stress of 7 kPa and a shear rate of 0.76 ݏିଵ, (a) Normal 
stress and shear stress measured against shear displacement, and (b) Friction coefficient μ 
measured against shear displacement. The sample is prepared into three different initial void 
ratios of 0.54, 0.69 and 0.76.  
 
 
(a) (b) 
xx,	
xy	
(Pa
)
xx,
xy
	(k
Pa
)
p/
cs,	
p/
cs
78 
 
 
                                     (c)                                                                    (d) 
Figure 4-4. Large shear displacements with Jasmine rice of different initial packing conditions 
under a vertical confining stress of 7 kPa and a shear rate of 0.76 s-1: (a) peak and critical state 
normal and shear stress plotted against the initial e, (b) the ratios of peak and residual stresses 
versus initial e, (c) μ at critical and critical state plotted against the initial e, and (d) the ratio of 
peak and residual μ versus the initial e. 
 
The relationship between stresses and initial packing conditions are further investigated by 
plotting the peak and residual stress, peak and residual friction coefficient and their ratios 
against the initial void ratios. Figure 4-4 (a) shows that the peak shear and normal stress 
decrease with increasing initial void ratio, whereas the critical state stress is relatively constant 
for different initial void ratios. In other words, the densely packed sample reveals a higher peak 
strength, but the strength at the critical state collapses to a single value regardless of the initial 
packing condition. This tendency is in agreement with by previous studies (Rowe, 1962; 
Bishop, 1966; Holubec and D'appolonia, 1973; Negussey et al., 1988; Guo and Su, 2007). 
Figure 4-4 (b) shows the ratios of peak stress and stress at the critical state with different initial 
packing states. It is noticeable that the ratios for both normal and shear stresses are negatively 
correlated with the initial void ratio. Given that the stress at the critical state is not dependent 
on the void ratio e, the stress at peak should also negatively correlate with the void ratio e.  
The same set of figures are also plotted for friction coefficient μ. Figure 4-4 (c) shows that μ 
at the critical state again is not significantly affected by the initial packing conditions, but no 
clear trend is observed for the peak value of μ. Nevertheless, the ratios μ୮  (peak friction 
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coefficient) and μୡୱ (friction coefficient at the critical state) plotted in Figure 4-4 (d) illustrate 
a decreasing trend with increasing initial e.   
 
4.1.3 Vertical confining stresses 
 
The performance of the 3D SSD is next tested by examining the effect of vertical confining 
stresses. This set of experiments is conducted following the protocol presented in Section 3.2.2. 
The sample of 3 mm glass beads is sheared at different shear rates and confining vertical 
stresses but with same inertial number. Figure 4-5 shows that μ and k at critical state decrease 
with increasing σ୸୸ . This trend persists when repeating the same experiment from a high  
vertical confining stress to a low vertical confining stress. Evidence of this trend can be found 
in many previous studies (Sture et al., 1998; Fannin et al., 2005; Sayeed et al., 2011) which 
indicates that a lower shear strength at critical state is expected under higher confining stresses. 
Moreover, the value of kୡୱ is found to be roughly 1 at critical state, which implies that the 
measured normal stress σ୶୶ tends to be equal to the applied confining stress on the z - plane at 
the critical state for glass beads.  
 
                                 (a)                                                                     (b) 
Figure 4-5. Large shear displacement experiments with 3 mm glass beads under different 
vertical confining stresses and shear rates: (a) Friction coefficient μ and (b) Stress ratio k at 
critical state plotted against vertical confining stresses. Inertial number ܫ ൌ 10ିସ  for all the 
tests. 
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4.2 SHEAR STRENGTH AND DILATANCY OF NATURAL GRAVEL/SAND 
 
After successfully conducting trial tests with glass beads and Jasmine rice as discussed in 
previous section, we have expanded the range of tested samples to the natural cohesionless 
soils. The shear strength of sand or gravel is normally characterised by a peak friction angle 
φ୮ and critical state friction angle φୡୱ. It is widely accepted that the peak friction angle is not 
only related to the physical characteristics of the grains (grain angularity, grain elongation, 
grain size, particle size distribution and etc), and to the handling techniques, but also to the 
vertical confining stress levels and experimental set-up used.                        
 
4.2.1 Effect of the particle shape 
 
In this section, we employ the 3D SSD to demonstrate the role of particle shape on the shear 
strength and dilatancy of granular soils at low vertical confining stresses. Three samples termed 
Q1, NRS2 and B1 (refers to Section 3.2.1) were sheared to a large deformation at a shear rate 
of 0.0129 s-1 and a vertical confining stress at 1.5 kPa. Samples with the same particle diameter 
were prepared to comparable initial relative densities Dr଴ ൌ ሺe୫ୟ୶ െ e଴ሻ/ሺe୫ୟ୶ െ e୫୧୬ሻ, to 
eliminate the effect caused by the initial density of the results. Table 4-1 summarises the sample 
properties and the test conditions for the three tests. In terms of particle shape factor, Q1 
particles have the highest circularity, roundness and highest convexity, while B1 has the most 
angular particles.  
Table 4-1. A summary of sample properties and test conditions for studying the shape effects 
Sample Mineral Diameter 
(mm) 
Particle 
density 
(kg/m3) 
Initial 
relative 
density 
࣌ࢠࢠ (kPa) Shear 
rate 
(s-1) 
Q1 Quartz 1.18 – 2.36 2650 0.62 1.5 0.0129
NRS2 River sand/gravel 1.18 – 2.36 2630 0.58 1.5 0.0129
B1 Basalt 1.18 – 2.36 2750 0.53 1.5 0.0129
 
 
4.2.1.1 Peak and critical shear strength 
 
The shear and normal stresses are measured until a belt displacement of 1800 mm is achieved 
under a constant shear rate and a low confining pressure. As indicated in Figure 4-6 (a), all 
stresses peaked at approximately 100 mm nominal shear displacement and stabilised at 
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approximately 1.5 – 2 kPa after 250 mm nominal shear displacement. The highest peak value 
for both shear and normal stresses is reached for Q1 and the lowest for the basalt sand. But it 
does not necessarily mean that Q1 has the highest peak shear strength as illustrated in Figure 
4-6 (b). The dashed lines in this figure represent the tangents of the curves drawn from the 
origin (cohesionless soils), and the slope of the tangents characterises the peak friction angle 
of each soil. Noticeably, the peak friction angle for basalt (black dashed line, B1) is the greatest 
among the three soils whereas quartz (blue dashed line, Q1) has the lowest friction angle. 
Ignoring the possible role of minerology, this indicates that granular soils with more angular 
particles tend to have a higher peak shear strength than materials with rounder particles. We 
also investigated the development of the stress ratio k (ratio of lateral normal stress σ୶୶ to 
vertical normal stress σ୸୸) under large shear displacement. As shown in Figure 4-6 (c), the 
evolution of the stress ratio shows a similar trend. The peaks for all three curves are found at 
approximately 100 mm displacement, and σ୶୶ can be as high as 6.5 times the applied vertical 
stress σ୸୸ . This highest k is found in the case of quartz. Noticeably, the lateral stress coefficient 
k for all three curves collapses at k =1 after 500 mm shear displacement. 
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(a) (b) 
 
(c) 
Figure 4-6. The stress responses measured from the shear tests on three samples with different 
particle shapes, as described in Table 4-1, (a) Normal (solid line) and shear stress (dashed line) 
evolution, (b) Stress path, and (c) Lateral stress coefficient k which is ratio of ߪ௫௫ and  ߪ௭௭ 
plotted against shear displacement. 
 
To further explore the relationships between the shear strength and the particle shape, the ratios 
of peak and critical state stresses are plotted against the particle shape factors of circularity and 
convexity. The general behaviour follows the same trend in terms of the peak and critical state 
stress ratio. Figure 4-7 (a) and (b) reveal that stress୮ୣୟ୩/stressୡୱ for measured normal and 
shear stresses linearly increases from 1.7 to above 5 with circularity and convexity increasing 
from 0.54 to 0.78, and from 0.81 to 0.95, respectively. The stress ratios (at peak and at critical 
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state) seem to display a linear correlation with the circularity and convexity (particularly the 
circularity). More study is required to investigate this trend before drawing any solid 
conclusion. 
 
 
                                     (a)                                                                    (b) 
 
                                     (c)                                                                    (d) 
Figure 4-7. The peak to critical state stresses ratios: normal stress (filled symbols) and shear 
stress (open symbols) plotted against (a) circularity and (b) convexity. Peak (open symbols) 
and critical state friction angle (filled symbols) plotted against (c) circularity, and (d) convexity.  
On the contrary, negative linear correlation is found between the friction angle and those shape 
factors, as demonstrated in Figure 4-7 (c) and (d). The peak friction angle is measured to be as 
high as 48o for basalt gravel (B1), 44o for Nepean river gravel (NRS2) and 38o for quartz (Q1), 
respectively. The critical-state friction angle measured for each soil is approximately 5o lower 
than its corresponding peak friction angle. From Figure 4-7 (c) and (d), one can conclude that 
the grain shape plays a significant role not only in controlling the peak shear strength but also 
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in altering the shear strength at critical state. Granular media of particles with higher circularity 
and convexity generally exhibit a greater peak shear strengths and critical state shear strengths.  
 
The effects of particle shape on the strength properties of soils have been studied by many 
researchers (Holubec and D'appolonia, 1973; Santamarina and Cho, 2004; Cho et al., 2006; 
Guo and Su, 2007; Shin and Santamarina, 2012; Li, 2013; Li et al., 2013). In many studies, the 
effect of particle shape on the critical state friction angle (also refers as constant volume friction 
angle in some literature) was examined over shape factors including convexity, elongation and 
roundness by employing direct or triaxial test configurations. Most of the available 
experimental data in the literature were obtained under relative high normal stress (over 100 
kPa), with direct shear or triaxial devices. However, the particle shape effects on soil 
behaviours under very low vertical confining stress and large shear deformation have received 
less attention. Nevertheless, comparing our experimental results with those previous studies 
from direct shear box and under high vertical confining stresses, we provide below some 
justifications in regard to the different stress levels and test configurations.  
The correlations of φୡୱ with convexity and elongation demonstrated by Li (2013) are included 
in Figure 4-8 (a) and (b). Li (2013) conducted a series of direct shear box tests on two 
comparable sets of specimens: mixtures of fines and an ideal coarse fraction (glass sand and 
beads) and mixtures of fines and natural coarse fraction (river sand and crushed granite gravels) 
under 200 kPa and 400 kPa normal stress. Coarse fraction is defined as particles with diameters 
greater than 0.06 mm. The glass coarse fraction has a convexity of 1 and elongation of 0 
whereas the natural coarse fraction has a convexity of 0.69 and elongation of 0.5. The 
percentage of coarse content in his experiments varied from 20% to 100%. We only included 
the 100% coarse content (CC=100%) in the plots as a comparison to the test results from the 
3D SSD.  
Figure 4-8 (a) illustrates the φୡୱ measured in Li (2013)’s experiments for particles with perfect 
round shape (convexity is 1) is 32o and 27o under 200 kPa and 400 kPa, respectively. As the 
shape convexity reduces to 0.7, the φୡୱ increases to 44o and 30o, accordingly. The slope of the 
fitted line to the friction angles measured under 200 kPa is -40 and under 400 kPa is -12. In the 
SSD tests, the measured friction angle also establishes a negative linear correlation with the 
particle convexity, with a line of slope -51 fitting the experimental data under ߪ௭௭= 1.5 kPa.  
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Overall, Figure 4-8 (a) reveals some general relations between φୡୱ and particle convexity: 1. 
For all test levels, the critical friction angle decreases as convexity increases. 2. A greater 
critical friction angle is measured at lower vertical confining stress levels. 3. The critical 
friction angle seems to decrease more rapidly with the increase of convexity under lower 
vertical confining stresses. 
The friction angle φୡୱ is also plotted against particle elongation in Figure 4-8 (b) and compared 
to the same set of data from Li (2013). In general, it establishes a positive correlation with the 
particle elongation for all stress levels. Howbeit, Li et al. (2013) carried out large direct shear 
tests on mixtures of kaolin and gravel-sized particles consisting of glass bead, river cobble and 
granite fragment. They also observed a peak in the critical state angle where the kaolin is mixed 
with granite fragment at various gravel content. The high friction angle in both Basalt and 
granite fragment is understandable because both particles have the lowest convexity among the 
samples in parallel tests albeit the particle elongations not being the highest. The particle 
convexity is the more dominated parameter in controlling the critical state shear strength.  
 
In general, higher φୡୱ is expected under low vertical confining stresses whereas in Figure 4-8 
(b) the measured φୡୱ (under 1.5 kPa) is scattered around the trend line obtained by Li (2013) 
(under a vertical confining stress of 200 kPa). Observed by many researchers (Stroud, 1971; 
Lade, 1984; Schanz and Vermeer, 1996; Chakraborty and Salgado, 2010) the φୡୱ from direct 
shear tests is generally greater by 5o for both dense and loose sands than those obtained from 
triaxial tests. The reason for this difference is first due to the fully restrain boundary in the 
direction perpendicular to the major shear axis and the pre-defined failure plane (which may 
not necessarily be the weakest) in the direct shear test. Furthermore, one should recall that large 
deformation shear tests such as ring shear and 3D SSD apparatuses attain a lower φୡୱ than in 
triaxial test due to the latter’s inability to get insufficient shear strain to attain its critical state 
(Negussey et al., 1988; Sadrekarimi and Olson, 2009; Toyota et al., 2009). Hence, φୡୱ reported 
in Li (2013) could possibly be higher than the φୡୱ obtained in large deformation shear tests at 
the identical test conditions. It explains in Figure 4-8 (b), φୡୱ measured in SSD under low 
stresses are scattered around those measured in direct shear tests under much higher stresses. 
Additionally, Figure 4-8 (c) shows the φୡୱ in correlation with particle roundness R. Cho et al. 
(2006) concluded a linear correlation between φୡୱ  and R as indicated in the figure by 
conducting experiments on a wide range of materials. The results generated from our tests 
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illustrate a very similar tendency found by Cho et al. (2006), but showing higher values. Again, 
this is justified if considering the low stress level in the tests performed with the 3D SSD.  
  
                                 (a)                                                                      (b) 
 
(c) 
Figure 4-8. A comparison of critical friction angle measured against shape factors: (a) 
Convexity, (b) Elongation and (c) Roundness in the literature with the measured critical-state 
friction angle by the 3D SSD. 
 
4.2.2 Effect of the particle size distribution 
 
The effect of particle size distribution on the shearing resistance and dilatancy is investigated 
with the 3D SSD. Three samples prepared from the same kind of soil (basalt) were tested at a 
low shear rate and under a very low vertical confining stress. As indicated in Table 4-2, the 
initial densities of the three samples, termed B1, B2 and B3 are intended to have a relatively 
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comparable value, while varying only the gravel content (gravel defined as particle diameter 
larger than 2 mm). Hence, the variations captured by carrying out the same tests with B1, B2 
and B3 are primarily attributed to the differences in grading characteristics.  
 
Table 4-2. A summary of sample properties and the conditions of the performed experiments 
for studying the particle gradation effects. 
Sample Median 
particle size 
(mm) 
Particle 
density 
(kg/m3) 
Gravel 
content 
(%) 
۱ܝ Initial 
relative 
density 
ોܢܢ 
(kPa) 
Shear 
rate 
(s-1) 
B1 1.6 2750 10 2 0.53 1.5 0.0129
B2 2.7 2750 66 3.2 0.33 1.5 0.0129
B3 3.6 2750 100 1.5 0.47 1.5 0.0129
 
4.2.2.1 Shear strength and dilatancy 
 
The shear and normal stresses are firstly plotted against a nominal shear displacement up to 
1800 mm, as shown in Figure 4-9 (a). All measured stresses peak at approximately 100 mm 
nominal shear displacement before undergoing a strength softening until about 250 mm shear 
displacement. Afterward, the system enters the critical state where the measured stresses 
stabilise at a relatively constant value. Quantitatively, we can observe that the peak stress 
increases with the sample gravel content. But this does not necessarily mean that B3 has the 
highest peak friction angle as illustrated in Figure 4-9 (b) the stress path. The dash lines are the 
tangents of the curves drawn from the origin (cohesionless soils), and the slopes of the tangents 
represent the peak friction angle of each sample. As shown in the figure, the highest peak 
strength is found for B1 and the lowest peak strength is observed in B2. The lateral stress 
coefficient k (ratio of lateral normal stress σ୶୶ and vertical normal stress σ୸୸) is also examined 
along with the large shear displacement and plotted in Figure 4-9 (c). Obviously, the evolution 
of k follows the same trend as the normal stress in large displacement, since  k = σ୶୶/σ୸୸ and 
σ୸୸ is a constant.  The highest peak value of k, which is found for the sample with the largest 
gravel content, leads to a horizontal stress 4.6 times greater than the applied vertical confining 
stress. In the critical state, once again, all three curves in  Figure 4-9 (c) stabilise at k ൌ 1, 
regardless of the particle size distribution. 
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                                     (a)                                                                   (b) 
 
(c) 
Figure 4-9. The stress responses measured from the shear tests on basalt samples with different 
particle size distributions, (a) Shear (dash line) and normal stress (solid line) evolution along 
the large shear displacement, (b) stress path, and (c) lateral stress coefficient k which is ratio 
of ߪ௫௫ and ߪ௭௭ plotted against shear displacement. The tests were carried out at a shear rate of 
0.0129 s-1 and under a vertical confining stress of 1.5 kPa. 
 
The effects of sample grading characteristics on shear strength are further examined by 
comparing the peak to critical state stress ratio for different gravel contents in Figure 4-10 (a) 
and the friction angle at peak and critical state in Figure 4-10 (b). Figure 4-10 (a) reveals a 
linearly increasing relationship between stress ratios and gravel contents. It is notable that 
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σ୮/σୡୱ and τ୮/τୡୱ are quite comparable in terms of magnitude, even if both σ୮ and σୡୱ are 
higher than τ୮ and τୡୱ.  
In comparison, φ୮ and φୡୱ	do not display a clear systematic dependency with gravel content 
(Figure 4-10 (b)). This might seem surprising as one may expect that a higher fraction of gravel 
in the sample would induce a higher shear strength, but evidence of a similar phenomenon was 
recognised by Simoni and Houlsby (2006), who found that the shear strength was not simply 
positively related to the change in the gravel fraction. Another possible reason for not observing 
a obvious trend might be the similar initial densities of the samples that weaken the effect of 
grading with poorly graded material typically being looser than well graded materials. More 
robust experiments are required before drawing any solid conclusion on this relationship. 
Another variable that can describe the grading properties of a mixture is the coefficient of 
uniformity (C୳ ൌ D଺଴/Dଵ଴, where D଺଴  and Dଵ଴ are the grain diameter at 60% and 10% passing, 
respectively). The higher the C୳, the more well-graded the sample. One can find that B2 has 
the highest C୳ among these three samples as well as the lowest shear strength. Notwithstanding, 
more systematic tests on a wider range of samples should be performed before drawing any 
definitive conclusion regarding the influence of grading characteristics on shear strength. 
 
                                     (a)                                                                    (b) 
Figure 4-10. The effect of sample gravel content in terms of (a) ratios of peak and critical state 
stress (filled symbols represent the normal stress, open symbols represent the shear stress) and 
(b) peak (open symbols) and critical state friction angle (filled symbols). 
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Next, the shear dilatancy behaviour for basalt with different gradings is studied with the 3D 
SSD. Figure 4-11 (a) shows the vertical strain plotted against the nominal shear displacement 
up to 1800 mm. The vertical strain is defined as ∆h/H, where ∆h is the change of sample height 
and H is the initial sample height. At the onset of the shear displacement, all samples undergo 
a significant dilatancy, and the sample with the highest gravel content experiences the greatest 
dilatancy at roughly 10% strain. After 250 mm shear displacement, there is no obvious change 
in the sample height, meaning that the sample reached its critical state and starts to shear at 
constant volume.  
Furthermore, the dilatancy rate, defined as the differential of the vertical displacement over the 
nominal shear displacement curve is presented in Figure 4-11 (b). ∆V stands for the volumetric 
change of sample, and in the 3D SSD it is equal to the change in sample height times the cross 
section area. An assumption of zero lateral deformation in the x-axis and y-axis is made in this 
calculation which is acceptable if considering the full movement restraints provided by the side 
plates and the rigidity of the stretched belt in both directions. ∆S represents the change in 
nominal shear displacement. One can find that sample B3 with the largest gravel content not 
only dilates to the largest vertical strain but also establishes the highest dilatancy rate. 
Additionally, the peak stress of the sample is found when the sample undergoes the highest 
dilatancy rate. To quantitively study the dilatancy behaviour, the maximum angle of dilatancy 
ψ୮ is plotted against gravel contents in Figure 4-11 (c). It shows that the dilatancy angle ψ୮ 
for gravel content of 0.1 and 0.6 is similar, whereas ψ୮ increases remarkably as the gravel 
content increasing from 0.6 to 1. The finding indicates a generally acceptable trend, albeit based 
on very limited experimental data. More comprehensive tests on a wider range of materials are 
suggested to allow drawing a confident conclusion on the effect of gravel content on dilatancy 
behaviour.  
 
 
 
 
 
91 
 
 
                                     (a)                                                                    (b) 
 
(c) 
Figure 4-11. The evolution of (a) the vertical displacement, (b) dilatancy potential under large 
shear displacement, and (c) peak angle of dilatancy at a shear rate of 0.0129 s-1 and a vertical 
confining stress of 1.5 kPa testing with basalt of different gradings.  
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4.2.3 Effect of the initial density 
4.2.3.1 Shear strength and dilatancy 
 
The strength and dilatancy behaviour of a natural sand (Nepean River sand, termed NRS2, see 
Table 3-5) are measured and analysed in this section. The sample grains have a diameter range 
between 1.18 mm and 2.36 mm, and particle density 2630 kg/m3. The material is prepared with 
four different initial densities from 0.28 to 0.76 and sheared to a large displacement of 1800 
mm under 4.6 kPa vertical confining stress. The test conditions and sample properties are 
summarised in Table 4-3.  
Table 4-3. A summary of sample properties and test conditions for investigating the effects of 
initial density on shear strength and dilatancy. Tested sample is Nepean River sand.  
Sample Diameter (mm) Particle 
density 
(kg/m3) 
Initial 
relative 
density 
ોܢܢ (kPa) Shear rate 
(s-1) 
NRS2 1.18 – 2.36 2630 0.76 4.6 0.0129
NRS2 1.18 – 2.36 2630 0.55 4.6 0.0129
NRS2 1.18 – 2.36 2630 0.37 4.6 0.0129
NRS2 1.18 – 2.36 2630 0.28 4.6 0.0129
 
Figure 4-12 shows the evolution of the shear stress τ୶୷ and normal stress σ୶୶ when shearing 
samples with different initial packing conditions. The initial packing condition is characterised 
by the relative density Dr = ሺe୫ୟ୶ െ eሻ/ሺe୫ୟ୶ െ e୫୧୬ሻ, i.e. densely packed samples have a 
higher Dr than loosely packed ones. It is clear in Figure 4-12 (a) that all curves peak within the 
first 250 mm of displacement and the maximum shear stress and corresponding normal stress 
are found for a similar nominal shear displacement. Both the normal and shear stresses establish 
a gradual strength softening after peaks and then stabilised at 4.5 kPa and 3 kPa respectively, 
regardless of the initial density. Stress paths for the four tests (τ୶୷ versus σ୶୶) are shown in 
Figure 4-12 (b). It clearly demonstrates the simultaneity in the peaks of shear and normal stress 
in all tests. The dash lines in the figure defines the peak shear strength (or peak friction angle). 
One can find that the denser sample experience a larger peak friction angle than the looser 
sample. 
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(a)                                                                  (b) 
Figure 4-12. Measurements from the shear tests with four different initial densities of Nepean 
River sand over a total of 1800 mm shear displacement at a shear rate of 0.0129 s-1 under 4.6 
kPa vertical confining stress: (a) normal (solid lines) and shear stress (dashed lines) and (b) 
stress path. Note that some of the shear stress data at Dr0=0.76 are not shown because the torque 
transducer reached its upper limit. 
 
The stress evolution during the shear tests is further investigated in terms of the dimensionless 
stress ratios μ and k in Figure 4-13. From Figure 4-13 (a) one can observe that the friction 
coefficient μ for samples with different initial densities peak at the same shear displacement, 
with a maximum  μ of approximately 1.2 (discarding missing data at Dr଴ = 0.76), followed by 
a gradual strength softening for all curves which collapse to a single line at μ ൎ 0.69 after 200 
mm of shear displacement. The tangents of the peak and critical state μ are plotted as φ୮ and 
φୡୱ in Figure 4-13 (b). It is noted that the peak friction angle increases with relative density 
whereas the critical state friction angle is constant at approximately 35º despite the initial 
packing conditions (Bolton, 1986; Negussey et al., 1988; Simoni and Houlsby, 2006; Guo and 
Su, 2007; Chakraborty and Salgado, 2010).  
The evolution of k during shear in Figure 4-13 (c) follows the same trend as the normal stress 
curves plotted in Figure 4-12 (a) since k is defined as the ratio of σ୶୶ and σ୸୸, while σ୸୸ is the 
applied constant vertical confining stress during the tests. The peak and critical state values of 
k are also shown in Figure 4-13 (d). An apparent linear correlation between the maximum k 
value and the initial relative density is indicated for the densely packed Nepean River sand 
where the normal stress σ୶୶ is 3.5 times higher than the applied normal stress σ୸୸. Moreover, 
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we observe that σ୶୶  is close to σ୸୸  the applied vertical stress at the critical state (k=1), 
regardless of the initial packing density. 
 
 
                                     (a)                                                                     (b) 
 
    (c)                                                                    (d) 
Figure 4-13. Stress ratios: (a) friction coefficient ߤ, (b) Peak (open symbols) and critical state 
angle (filled symbols) plotted against the initial relative density, (c) lateral stress coefficient ݇ 
plotted against the shear displacement, and (d) Maximum (open symbols) and critical state k 
(filled symbols) plotted against the initial relative density at ߪ௭௭ = 4.6 kPa and a shear rate of 
0.0129 s-1. Note that some of the ߤ data for Dr0 = 0.76 are missing due to the upper limit of the 
torque transducer.   
 
The dilatancy behaviour of the NRS2 is also investigated using the 3D SSD. Figure 4-14 (a) 
shows the vertical displacement versus shear displacement for the same set of experiments as 
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above, with the vertical displacement measured by a LDT. Positive values represent sample 
dilatancy and negative values represent sample contraction. A short contraction phase is 
indicated at the onset of shearing, followed by a significant dilatancy over much larger shear 
displacement for all the samples. Quantitatively, the initially densest sample experiences the 
largest dilatancy with a vertical strain of about 0.15, whereas the initially loosest sample 
undergoes the least dilatancy at approximately 0.04 vertical strain.  The dilatancy rates are 
shown in Figure 4-14 (b), as the differentiation of the curves in Figure 4-14 (a). One can easily 
observe from Figure 4-14 (b) that the dilatancy rate of shearing the sample is positively 
correlated to the initial relative density. A more comprehensive analysis of the strength and 
dilatancy relation with respect to the initial densities is performed in the Section 4.2.4.2.  
 
   
(a)    (b) 
Figure 4-14. The evolution of (a) the vertical displacement and (b) dilatancy potential at a 
shear rate of 0.0129 s-1 and a vertical confining stress of 4.6 kPa for NRS with different initial 
densities.  
 
4.2.4 Results and discussion 
4.2.4.1 General trends 
 
The previous experiments encompass a wide range of materials with various particle sizes, 
shapes, distributions, and initial densities, and allow drawing robust information on the general 
behaviour of granular materials sheared under low vertical confining stresses. 
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In Figure 4-15, the normal stress ߪ௫௫  at critical state is plotted against the applied vertical 
confining stress ߪ௭௭ , with the initial relative densities labelled next to the markers. All the 
experiments are carried out at a constant shear rate of 0.0129 s-1 under two vertical confining 
stresses. The measured normal stress ߪ௫௫, perpendicular to the major shear plane, is generally 
equal to the applied vertical normal stress ߪ௭௭ at the critical state. In other words, the lateral 
stress ratio ݇ at critical state is close to 1 at least for the shear tests conducted under the low 
vertical confining stress. This relationship depends only slightly on the particle shape, sample 
initial density and particle size distribution.  
 
Figure 4-15. ߪ௫௫  at the critical state plotted against the applied vertical confining stress 
ߪ௭௭=4.6 kPa (square symbols) and ߪ௭௭=1.5 kPa (triangle symbols) for natural sand and gravel 
with different particle shapes, particle size distributions and initial relative densities sheared at 
a rate of 0.0129 s-1. The solid line indicates the relation ߪ௫௫@௖௦= ߪ௭௭.  
 
The relationships between peak and critical state stresses are next investigated with respect to 
the sample initial relative density in Figure 4-16. One can observe that the filled (normal stress 
ratio) and empty (shear stress ratio) markers are roughly coincident for most of the experiments, 
showing that the shear and normal stress softening, characterised by the ratio between the peak 
stress and critical state stress, are comparable. Moreover, the strength increases linearly with 
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increasing of the initial relative density, particularly for σ୸୸=4.6 kPa. Moreover, the role of the 
vertical confining pressure ߪ௭௭ is noticeable for the ratio of stress at peak and stress at the 
critical state. A higher value of ߪ௭௭ will induce a lower stress ratio for both the shear and normal 
stresses. Specifically, the stress ratios under relatively low vertical confining stresses scatter 
around a linear slope of 4.7 and the ratios under relatively high vertical confining stresses fall 
on a regression line of slope 1.5. 
 
Figure 4-16. Ratios of the measured normal stress (filled symbols) and shear stress (open 
symbols) at peak and stress at critical state for the samples included in Figure 4-15. Square 
symbols represent tests performed under ߪ௭௭ = 4.6 kPa and triangular symbols represent tests 
carried out under ߪ௭௭ = 1.5 kPa. The solid and dash lines are the regression lines fitted for ߪ௭௭ 
= 4.6 kPa and ߪ௭௭ = 1.5 kPa. 
 
Another tendency we notice from all our experiments is the evolution of the relative density 
along shear displacement. In Figure 4-17 where Dr is plotted against the nominal shear 
displacement up to 2000 mm, a clear trend is observed in all the curves that the tested sample 
dilates to its loosest possible packing state (Dr = 0) at large shear displacement under low 
vertical confining stresses, regardless of its initial relative density, particle shape and particle 
size distribution. At the onset of shearing, curves start from a different initial Dr and most of 
the tests undergo a small amount of compaction (except for tests with B1 and Q1) in the first 
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50 mm shear displacement before the dilatancy behaviour starts to take place. Similar 
observations of initial contraction before significant dilatancy was also reported by Fannin et 
al. (2005) using direct shear box tests on cohesionless soils under 8 ~ 18 kPa vertical confining 
stress. After 1500 mm shear displacement, all the curves collapse at Dr = 0 suggesting that the 
sample is in its critical state. The critical state value of Dr = 0 is expected under such low 
vertical confining stresses as grain crushing is negligible, which was theoretically reasoned in 
Tengattini et al. (2016).  
 
Figure 4-17. The evolution of relative density Dr for natural sand and gravel with different 
particle shapes, particle size distributions and initial relative densities, sheared at a rate of 
0.0129 s-1. 
 
We further explore the dilatancy potentials by plotting the dilatancy rate, which is defined as 
the differential of the curve of the vertical displacement versus shear displacement. ∆ܸ  in 
Figure 4-18 represents the volumetric change of the sample, which in our case is assumed to 
be equal to the change of the sample height (zero lateral deformation in the x and y directions), 
and ∆ܵ  is the change in the nominal shear displacement. For all the tests performed, the 
maximum dilatancy rate corresponding to the most rapid volume change appears to develop 
within the first 200 mm displacement. Noticeably, the highest dilatancy rate and peak strength 
are observed at the same shear displacement in those tests (Holtz and Gibbs, 1956; Hungr and 
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Morgenstern, 1984; Savage and Sayed, 1984; Bolton, 1986; Negussey et al., 1988; Jewell, 
1989; Vaid and Sasitharan, 1992; Sture et al., 1998; Lings and Dietz, 2004; Fannin et al., 2005; 
Toyota et al., 2009; Chakraborty and Salgado, 2010; Sayeed et al., 2011; Li, 2013). Another 
typical trend existing in all measurements is that after 500 mm shear displacement the samples 
are essentially sheared at a constant volume (∆ܸ/∆ܵ = 0, means the critical state is attained), 
regardless of the sample initial density, particle size distribution and particle shape. One can 
also find that the maximum dilatancy rate tends to linearly increase with Dr0. This is further 
discussed in the following section. 
 
Figure 4-18. Dilatancy rate plotted against shear displacement for samples with different 
particle shapes, particle size distributions and initial relative densities and sheared at a rate of 
0.0129 s-1. 
 
4.2.4.2 Stress – dilatancy relations 
 
In the following, our test results on cohensionless soils using 3D SSD will be discussed in light 
of these previous works, and in particular our new results will be compared with Bolton (1986) 
and Chakraborty and Salgado (2010)’s stress-dilatancy relations.   
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In Figure 4-19, the difference between φ୮ and φୡୱ is plotted against the initial relative density 
Dr for the SSD shear tests on NRS2 and Q2 under a vertical confining stress of 4.6 kPa. The 
linear fitting is expressed in terms of the diltancy index Iୖ ൌ DrሺQ െ ln pᇱሻ െ R that takes into 
account both the effects of  the initial relative density and the vertical confining stress level, 
with p′ being the mean effective stress at failure. Q and R are the fitting parameters that depend 
on the intrinsic sand characteristics. Bolton (1986) suggested that Q =10 and R = 1 provided a 
good fit for the clean silica sand. Note that the same φୡ for both plane strain (PS) and triaxial 
text (TX) conditions is assumed. Given the absence of experimental data at low vertical 
confining stress, he specified an upper limit for the dilatmadancy index at Iୖ ൌ 4. To extend 
the relationship to the lower vertical confining stress regime, Chakraborty and Salgado (2010) 
found a correlation between Q and confining stress by setting R =1 after conducting PS and TX 
compression tests on Toyoura sand under a wide range of confining stresses: 
                                                           ܳ ൌ 7.4 ൅ 0.6 ݈݊ ߪ௖ᇱ ,                                                    4-1 
for TX compression, and 
                                                            ܳ ൌ 7.1 ൅ 0.75 ݈݊ ߪ௖ᇱ ,                                                      4-2 
for PS compression. 
The above relation suggests that Q increases with increasing vertical confining stress. For the 
stress level tested in 3D SSD, Q is equal to 8.3 and  8.2 for PS and TX respectively. Given that 
the Q value are very similar for the two configurations, an average value of 8.25 is adopted for 
Q in both configurations to define Iୖ at low stresses. Nonetheless, these relations would be 
strictly applicable to Toyoura sand within the stress level from 4 kPa to approximately 196 kPa.  
For the 3D SSD configuration, at critical state pᇱ ൌ ஢౮౮ା஢౯౯ା஢౰౰ଷ ൌ σ୶୶, since σ୶୶ is shown to 
be equal to σ୷୷  in the shear system from DEM, and σ୶୶  measured at the critical state is 
approximately equal to σ୸୸ in all the performed experiments.  
The relation between the friction angle and Iୖ at different stress levels introduced by Bolton 
(1986) are 
                                                               ߮௣ െ ߮௖௦ ൌ 5ܫோ ,                                                        4-3 
                                                               ߮௣ െ ߮௖௦ ൌ 3ܫோ ,                                                        4-4  
for plane strain and triaxial strain, respectively. These laws are plotted in Figure 19 as dashed 
lines (PS) and solid lines (TX).  
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The effective stress in Bolton (1986)’s relation is from 20 kPa and above, as no data from lower 
stress level is available in the original paper. Here, Iୖ is calcuated by adopting Q =10 and R=1 
as suggested in Bolton (1986). This relation captures the tendency of φ୮ െ φୡୱ to increase 
linearly with relative density.  
At low confining stresses, Chakraborty and Salgado (2010) found a single coefficient that 
provided a good fit for their test data for both PS and TX, where φ୮ െ φୡୱ ൌ 3.8Iୖ, and Iୖ was 
obtained by adopting Q =8.25 and	R =1 in their paper. The blue line shown in Figure 4-19 is 
plotted at the vertical confining stress equals 4.6 kPa as a comparison to the test data from 3D 
SSD. 
The linear fitting to the experimental data from 3D SSD is plotted in red in Figure 4-19, with 
Iୖ obtained based on Chakraborty and Salgado (2010)’s relations for Q at low stress level. A 
proportionality coefficient of 6.5 between Dr and φ୮ െ φୡୱ provides a good fit for the tested 
data. Note that this relation is predictable particularly for the 3D SSD configuration at low 
vertical confining stress level.  
In Figure 4-19, one can find a higher coefficent in the φ୮ െ φୡୱ and Iୖ relation in the SSD than 
the coefficients in PS and TX (which are 5 and 3 respectively). The reasons for the differences 
in PS and TX tests have been widely discussed in previous studies, therefore we do not include 
further discussion in this thesis. The higher coefficient in SSD may be due to the measurement 
of the critical-state friction angle. Given that the limited amount of shear strain can be imposed 
on a sample in both the direct shear and triaxial test, it may not be sufficient for the sample to 
achieve the critical state. In that case, it is reasonable to conclude that the φୡୱ measured from 
PS and TX is higher than the actual critical-state friction angle. The test data measured from 
large deformation shear apparatus such as ring shear already shows evidence on the higher φୡୱ 
obtained in PS and TX (Negussey et al., 1988; Sadrekarimi and Olson, 2009; Toyota et al., 
2009). Therefore, φ୮ െ φୡୱ  measured in PS and TX is expected to be lower than the one 
measured by the large shear displacement devices such as the ring shear or stadium shear device.  
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Figure 4-19. The correlations between ߮௣ െ ߮௖௦  and initial relative density Dr in the SSD 
configuration compared with the plane (PS) and triaxial tests (TX) in the literature. 
 
The relationship between the peak angle of dilatancy and initial relative density is explored for 
the 3D SSD test configuration. The dilatancy angle ψ, which is related to the ratio of plastic 
volume change to plastic shear strain, is defined as 
                                                              ݏ݅݊ ߰ ൌ ௗఌభା௞ௗఌయௗఌభି௞ௗఌయ ,                                                         4-5 
where dεଵ  and dεଷ  are the principal strain increments, and k  =1 or 2 for PS or TX test 
conditions, respectively.  
In the SSD test condition, the dilatancy angle ψ∗ is defined as 
                                                                ݏ݅݊ ߰∗ ൌ ௗఌೡௗఌ೓ ,                                                            4-6 
where dε୦ and dε୴ is the increments of major shear strain (dε୦= dε୶୷, refers to Section 3.1.5.1) 
and volumetric strain, respectively. Note that ψ∗ in the SSD configuration defined here is not 
strictly corresponding to the ψ defined in the PS and TX configurations; hence, the comparison 
between these two variables in the following section only shows the same logic in linking the 
strength and dilatancy, and subject to more discussion. Notwithstanding, the relation indicated 
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below between the shear strength and dilatancy that is exhibited in the 3D SSD configuration 
is still held. 
Figure 4-20 compares Bolton (1986)’s relation for plane and triaxial strain under relatively 
high effective failure stresses, Chakraborty and Salgado (2010)’s relation under low confining 
stress level with the experimental data obtained from SSD. By reviewing experimental data 
obtained from testing on a wide range of sands, Bolton (1986) found that the relation between 
dilatancy angle and the initial relative density is independent from the test configurations. 
Specifically, for the same mean effective stress pᇱ at failure, data obtained from plane strain 
and triaxial strain tests collapse to one single correlation: 
                                                                    ߰௣ ൌ 6ܫோ ,                                                             4-7 
where Iୖ ൌ Drሺ10 െ ln pᇱሻ െ 1, and p′ is 20 kPa, 50 kPa, and 100 kPa as shown in Figure 4-20.  
The same relation is proposed by Chakraborty and Salgado (2010) for the lower confining 
stress regime and is plotted in blue in Figure 4-20. Iୖ here is calculated using Q =8.25 and R 
=1 for low confining stress level.  
In comparison, the experimental data obtained from the 3D SSD scatters around a linear fitting 
line with a slope of 1.8, hence, the relation is expressed as: 
                                                                    ߰௣∗ ൌ 1.8ܫோ ,                                                          4-8 
where Iୖ is equal to Drሺ8.25 െ ln pᇱሻ െ 1. 
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Figure 4-20. The correlations between ߰௣∗  and initial relative density Dr in the SSD 
configuration compared with the plane (PS) and triaxial tests (TX) in the literature. 
Figure 4-20 indicates the different coefficients in the ߰௣∗ - Iୖ relation in the different testing 
configurations. Although the primary reason of this difference is attributed to the different 
invariant definition of the dilatancy angle, several issues that might affect the values of ψ୮ 
measured in PS and TX, or ߰௣∗ measured in the SSD are discussed.  
In the PS tests, the samples are not allowed to move in the direction normal to ߪଷ, where a full 
restraint is imposed by this boundary, which may affect the accuracy of the measurement of 
dilatancy angle. Besides, the boundaries also interfere with the rolling of particles over one 
another which introduces a kinematic constraint on the sample. This will lead to extra 
difficulties for particles rolling over each other if comparing with TX conditions.  
In the TX tests, the sample geometry is not self-similar during the test, which affects not just 
the dilatancy measurements, but also the stress responses. Furthermore, the possible 
penetration of the confined membrane into the sample could further influence the measurement 
of the dilatancy angle.  
In 3D SSD test, the volumetric strain is obtained by assuming the sample is fully restraint in 
all the directions except z-axis, which can be an underestimation of the volumetric strain if the 
belt is not rigid enough. Besides, possible stick-slip and shear band formation close to the 
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boundary of the shearing belt can further underestimate the dilatancy angle. All these 
mentioned issues that could possibly be present in the current design of the 3D SSD will be 
further investigated and analysed by employing the technique of X-ray radiography in Chapter 
0.  
Finally, we link φ୮ െ φୡୱ  and ψ୮∗  which have been previously linked to the same variable 
dilatancy index Iୖ. It is straightforward to derive the linear relation between φ୮ െ φୡୱ and ψ୮ 
that is plotted in red in Figure 4-21: 
                                                               ߮௣ െ ߮௖௦ ൌ 3.6߰௣∗ .                                                   4-9 
The stress-dilatancy relation proposed by Bolton (1986) is also included in the figure, the 
expression of the relation is: 
                                                               ߮௣ െ ߮௖௦ ൌ 0.8߰௣ ,                                                  4-10 
for plane strain, and 
                                                               ߮௣ െ ߮௖௦ ൌ 0.5߰௣ ,                                                  4-11 
for triaxial strain. 
Additionally, a uniform stress-dilatancy relation that is found by Chakraborty and Salgado 
(2010) after conducting PS and TX compression tests on Toyoura sand is: 
                                                               ߮௣ െ ߮௖௦ ൌ 0.6߰௣ .                                                  4-12 
 
Figure 4-21. The correlations between ߮௣ െ ߮௖௦ and ߰௣∗  in the SSD configuration compared 
with the plane (PS) and triaxial tests (TX) in the literature. 
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The stress-dilatancy relation for the SSD is finally plotted and compared with the relations 
proposed by Bolton (1986) and Chakraborty and Salgado (2010). One can find a higher 
coefficient indicated in the relation for the SSD. It is because a higher coefficient is shown in 
φ୮ െ φୡୱ and Iୖ, at the same time a lower coefficient is found in ψ୮ and Iୖ; hence, an even 
higher coefficient will consequently generate when linking φ୮ െ φୡୱ and ψ୮. The reasons that 
might attribute to such differences were discussed before. In addition, the values of the 
parameter Q and R which defines Iୖ  are arguable, as the two parameters were determined 
empirically from PS and TX data, so the chosen values of Q and R might be test configuration 
dependent and are only applicable to PS and TX.  
4.3 SHEAR RATE DEPENDENCY 
 
In this section, we investigate the shear rate dependency of the friction coefficient μ and lateral 
stress coefficient k by conducting large shear experiments with glass beads (diameter 1 mm, 3 
mm and 14 mm) and Nepean River sand (NRS1 and NRS2) under different shear rates.  
As shown in Figure 4-22 (a), the critical state friction coefficient μୡୱ does not change as a 
function of the inertial number I in the range I ൌ 10ି଺~10ିଶ. The data in Figure 4-22 (a) 
represent the average of μ recorded beyond 5000 mm shear displacement, in the critical state, 
with error bars of one standard deviation. The error bars for the 14 mm glass beads are larger 
than those for the smaller beads due to the substantially smaller number of grains in contact 
with the belt at any given time, which therefore causes the forces to fluctuate more 
pronouncedly. Also note that to calculate the inertial number, the value of s=1 was adopted 
(σ୶୶ ൌ σ୷୷), which was valid in the DEM simulations (refers to Section 3.1.6) for I from 
10ିସ~10ିଶ.  
The data sets for μ and k corresponding to incrementing or decrementing the shear rate are 
notably similar. This shows that both the particles and the apparatus did not experience any 
gradual permanent alteration, neither through particle breakage or comminution, nor through 
mechanical wear of the device. This conclusion is reinforced by the sample inspections after 
test, which did not show any grain crushing, as one would expect under relatively low stresses.  
Quantitatively, in all the tests, the value of μ during large strains fluctuates only slightly around 
a critical state value of μୡୱ between 0.31 ~ 0.38 without any clear shear rate dependency. This 
shear rate independence in the quasi-static regime is in an agreement with previous studies (Da 
107 
 
Cruz et al., 2003; Iordanoff and Khonsari, 2004; Da Cruz et al., 2005). Moreover, the value of 
μୡୱ from our experiments agrees both qualitatively and quantitatively with the μሺIሻ rheology 
relationship (Jop et al., 2005), where the friction coefficient μ tends to a minimum value μୱ at 
low I ൑ 1, with μୱ equal to 0.38 for glass beads (Jop et al., 2006), close to our measured value. 
Hungr and Morgenstern (1984) conducted ring shear test on polystyrene beads at two velocities 
0.1 cm/s and 16 cm/s under normal stress in a range of 0~80 kPa and concluded that the friction 
coefficient is not influenced by the shear velocity or normal stress. According to their 
experimental set-up, we calculate that the inertial number in their shearing system was in the 
range 5 ൈ 10ି଺ ൏ I ൏ 5 ൈ 10ିଷ   that is still within the quasi-static regime. The residual 
friction angle measured by Hungr and Morgenstern (1984) is constant at 21º which 
demonstrates a good agreement with our test results. Note that for our glass beads we do not 
find the weak negative dependence of the friction coefficient μ (shear softening) below I ൏
10ିଷ observed by Kuwano et al. (2013). Although the current configuration was designed for 
low shear rates, based on the μሺIሻ relationship we might expect to find rate hardening for 
situations with I ൐ 10ିଶ. The normal lateral stress coefficient k shows a similar shear rate 
independence in Figure 4-22 (b), but a clear grain size effect is visible in that case, with k 
increasing for larger grains. 
Finally, note that the resultant stress ratios μ and k from our DEM model simulations are also 
reported in Figure 4-22 (a) and Figure 4-22 (b) for different shear rates and friction coefficients 
between the grains and the loading plate ߤ௦. The stress ratios show independency on the friction 
coefficients ߤ௦, at least for three values of ߤ௦ tested. In comparison with the experimental data, 
the DEM results generally show an excellent agreement except that the k values are slightly 
higher. This confirms the accuracy of the stress measurements in the SSD and proves the 
minimal effect of the friction along the upper and lower boundaries.  
Overall, no shear rate dependence is observed over the range 10ି଺ ൏ I ൏ 10ିଶ, and similarly 
there is no observed dependence on incrementing or decrementing the shear rate between 
experiments, confirming the absence of modification of either the sample or the apparatus 
during the experimental validation. 
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                                    (a)                                                                    (b) 
Figure 4-22. Shear rate dependence of friction coefficient (a) ߤ௖௦ (ߤ at critical state) and (b) 
lateral stress coefficient (݇ at critical state) for glass beads, with vertical confining stress of 
10.6 kPa. The filled symbols indicated the results when shearing the sample from the lowest to 
the highest velocity, and the unfilled symbols showed the results when shearing the sample 
from the highest to the lowest velocity.  
The same set of experiment is also conducted with NRS1 and NRS2 to examine the shear rate 
dependency of μ  and k  for natural sand. The tests were conducted under a fixed vertical 
confining stress of 4.6 kPa, and the shear rate was varied in an inertial number range 10ି଺ ൏
I ൏ 10ିଶ, corresponding to a shear rate range 0.0129sିଵ ൏ γሶ ൏ 1.29	sିଵ. The data shown in 
Figure 4-23 is averaged only at critical state, where initial density does not play a role in both 
μ and k values. Besides, the mineralogy and the particle shapes of the NRS1 and NRS2 are 
similar, so the observed differences are primarily attributable to the differences in particle size 
distribution and shear rate. The tests were again performed first by incrementally increasing 
the velocity to the highest shear rate, and then incrementally reducing the velocity to the lowest 
velocity, to ensure that both the particles and the apparatus did not experience any gradual 
permanent alteration to their shapes.  
As shown in Figure 4-23 (a), unlike in the experiments with glass beads, we find that μୡୱ 
increases with the shear rate for both NRS1 and NRS2. The value of μ at critical state increases 
from approximately 0.68 (corresponding to φୡୱ= 34º) to 0.82 (φୡୱ= 39º) as the shear rate 
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increases from 0.0129sିଵ to 1.29sିଵ. Savage and Sayed (1984) performed tests with angular 
particles of crushed walnut shells in an annular shear cell and observed that the friction 
coefficient increased with shear rates. Moreover, the value of μୡୱ for the better-graded sample 
NRS1 (30% of gravel content) is greater than for the poorly graded sample NRS2 (10% of 
gravel content), under all shear rates. In other words, the shear strength is found to increase 
with the grain size polydispersity. Specifically, in our tests, the critical-state friction angle 
increases by roughly 0.8º (μୡୱ increases by 0.02) at all shear rates with a the gravel contents 
20% higher. Simoni and Houlsby (2006) and Li (2013) captured a similar trend using direct 
shear tests on different mixtures of sand and gravel, yet the shear rate effect was not covered 
in either of the studies.  
Unlike the case of μୡୱ, the lateral stress coefficient kୡୱ is independent of the shear rate and 
remains fairly constant at approximately 1, and the value of kୡୱ is slightly higher for NRS1 
(30% gravel content) than NRS2 (10% gravel content), as indicated in Figure 4-23 (b). This 
implies that σ୶୶ at critical state is eventually mobilised at a similar level to the applied vertical 
stress, without showing a clear shear rate dependency. Furthermore, adding more coarse gravel 
particles into the system will induce a higher σ୶୶ at the critical state for all the shear rates tested 
in our experiments. 
 
   (a)                                                                    (b) 
Figure 4-23. The effect of particle size distribution and shear rate on (a) the friction coefficient 
ߤ௖௦ (ߤ at critical state) and (b) lateral stress coefficient ݇௖௦ (݇ at critical state) for Nepean River 
sand, with vertical confining stress at 7.6 kPa. The gravel content in NRS1 and NRS2 is 30% 
and 10%, respectively. Filled symbols indicate results where the belt velocity was incremented 
from lowest to the highest, whilst unfilled symbols show results from decrementing the velocity.  
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4.4 SUMMARY 
 
In this chapter, we first validated the performance of the 3D SSD by shearing isotropic (glass 
beads) and elongated shaped grains (Jasmine rice) to a large deformation, that demonstrated 
the effective operation on capturing granular medium properties at critical state. The device is 
also capable of measuring stress responses under different vertical confining stresses. We 
showed that both stress ratios μ  and k  at critical state decreased with increasing vertical 
confining stress.  
More robust tests were then conducted using the 3D SSD to explore the shear behaviour of 
natural soils at both peak and critical state. Several sample properties were considered 
including particle shape, particle gradation and initial relative density. Regarding the particle 
shape, we find that the critical state friction angle decreases with increasing particle convexity 
and roundness but increases with increasing particle elongation. With respect to the particle 
grading characteristics, we notice that the ratio of the stress at peak over the stress at critical 
state is positively correlated with the gravel content. Also, we observe that the shear strength 
increases to a maximum value with gravel content increasing to a certain percentage, and a 
decline in strength is observed when increasing gravel content above this percentage. Besides, 
the sample with larger gravel content tends to dilate more under large shear displacement.  We 
suggest that some interesting trends could be possibly revealed if the shear strength would be 
investigated against other variables such as the coefficient of uniformity, relating to the slope 
of the particle size distribution curves. Regarding the initial density, the peak friction angle μ୮ 
and peak lateral stress coefficient k୫ୟ୶ are found to increase with relative density whereas the 
critical state friction angle μୡୱ and kୡୱ are constant. The same tendency is observed for the 
lateral stress coefficient. In addition, the dilatancy rate indicates a positive correlation with the 
initial relative density.  
After conducting robust tests with natural soils, we concluded some general behaviour of the 
non-cohesive soils under low confining stresses. Firstly, the lateral stress coefficient at critical 
state kୡୱ is close to unity in all tests, regardless of the particle shapes, sample density and 
particle size distributions. Secondly, the shear stress softening characterised by the ratios 
between peak stress and critical stress is comparable with the normal stress softening. Thirdly, 
we find that all the tested samples dilate to their loosest possible packing states (Dr = 0) under 
low confining stresses. We then further study the stress-dilatancy relations by relating both 
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φ୮ െ φୡୱ and ψ୮ with the dilatancy index Iୖ. A correlation between φ୮ െ φୡୱ and ψ୮ is then 
found particularly for the 3D SSD.  
Lastly, the shear rate dependencies of μ and k were investigated in terms of the inertial number 
I  for glass beads and Nepean River sand. We find that the μ  and k  remain constant with 
increasing I for glass beads, which is in a good agreement with the DEM result; whereas a 
modest positive shear rate dependency of μ is found for Nepean River sand, with the value of 
k constant at approximately 1. 
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5 VELOCITY FIELD AND PARTICLE SEGREGATION IN RING 
SHEAR AND STADIUM SHEAR DEVICES  
 
In this chapter, we use X-ray radiography to explore the dynamics of granular materials within 
two different geotechnical laboratory configurations, the ring shear and stadium shear devices. 
We first explore the velocity field of the material within the original 3D SSD configuration 
using an X-ray source that is vertically positioned above the centre of the sample. The top plate, 
bottom plate and loading frame, which were originally made of steel, are now replaced with 
the same structures but made of Perspex and carbon fibre to minimise X-ray absorption. Based 
on the velocity field observed when shearing various samples with the device, we next improve 
the design of the original SSD, and build a second more slender version of the SSD that is more 
adapted to radiographic measurements. The velocity profiles across the sample and with 
various sample depths are then explored in the new SSD and are compared with those of a ring 
shear device. Finally, some preliminary results of particle segregation occurring in the SSD are 
included and discussed.  
 
5.1 VELOCITY FIELD IN THE ORIGINAL SSD  
5.1.1 Methodology 
 
We first investigate the velocity component v୶୷ (refers to Figure 3-8 for X, Y and Z plane in 
the device) between the shear walls in the original 3D SSD for shape-isotropic granular systems 
including 3 mm glass beads and 14 mm glass beads, and shape-irregular particles such as 
Nepean River gravel.  
A Varian PaxScan 2520DX tube is used to emit X-ray radiation at a maximum energy of 160 
keV, at an intensity of 0.7 mA for the glass bead samples and 0.4 mA for the Nepean River 
gravel. Then, the transmitted component of the X-rays, after passing through the sample, is 
recorded using a PaxScan 2520DX detector at a resolution of 960 px ൈ 768 px and at 10 frames 
per second. 
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In this experiment, one single X-ray source is positioned above the centre of the sample, with 
the radiation traversing the sample downward. Note that the distance between the X-ray source 
and the SSD should be sufficient so that the ray beams can be assumed parallel along the depth 
of the sample, i.e. limiting the cone beam effect. Only the particle displacement information 
perpendicular to the X-ray beam is visible in the radiographs recorded by the detector, with 
vertical particle movement not actually being of interest for this case. The particle movement 
information at different depths is collapsed into a single plane from the propagation of the X-
rays and captured by the detector. Using X-rays overcome the limitations of previously 
commonly used methods, which normally focus on studying only the velocity field near the 
boundaries by acquiring images through transparent walls, or along free surfaces. The 2D 
radiographs obtained in our experiments gather the particle displacement information in all 
depths, not just from the eye-visible surface.   
The radiographs record the density of the material along the line of propagation of the X-rays, 
and therefore present density fluctuations due to the particulate nature of the samples. The 
sequential  radiographs are then analysed with a flow measurement technique called Particle 
Image Velocimetry (PIV) (Lueptow et al., 2000; Faug et al., 2015; Sanvitale and Bowman, 
2016), in which the displacement of the material is determined using cross-correlation of 
regions within particle image pairs (Raffel et al., 1998; Adrian, 2005). This method gives a 
measurement of the velocity perpendicular to the direction of the X-ray beam, averaged 
through the direction of the beam.  
 
5.1.2 Results and further improvements 
 
To study the velocity field in the original SSD with different particles, we conducted shear tests 
on three samples including 3 mm glass beads, 14 mm glass beads and Nepean River gravel 
(1.18 mm ~ 2.36 mm) at a very slow shear rate 0.0129 s-1 and a low vertical normal stress 1.6 
kPa. The results are shown in Figure 5-1. The velocity components are defined by the system 
coordinate indicated in Figure 3-8: x-axis represents the direction of width of the sample, y-
axis is in the direction of length of the sample, and z-axis is in the direction of depth of the 
sample. The sample is sheared along the y-axis direction.  
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The results presented in Figure 5-1, from top to bottom, are the average velocity field on the z 
plane over 1000 frames, v୸୷ averaged over the y-axis (v୸୶ is ignorable in the central region), 
the averaged velocity and shear rate plotted against the sample width. In general, the magnitude 
of the velocity is symmetric along the central y-axis. A localised shear band is clearly visible 
with the 3 mm glass beads, which is approximately 20 mm wide on each side (about 7 particle 
diameter), as visible in Figure 5-1 (a). The velocity profile for the system of 3 mm glass beads 
establishes a strong “S” shape with nearly no particle movements at 20 mm distance away from 
the belt.  
However, the velocity profile between the two parallel shear walls is approaching a linear shape 
as the particle size increasing.  This is clearly visible for the 14 mm glass beads sample, shown 
in Figure 5-1 (b). A strongly linear velocity field is observed between the shear walls.  In 
comparison with the results from the 3 mm glass beads system, one can conclude that the 
number of particles across the two shearing walls must play a role in controlling the linearity 
of the velocity profile. Specifically, the system of 3 mm glass beads has about 40 particles 
across the sample, whereas the 14 mm tests involve only about 8 particles. The linear velocity 
profile is then more easily achieved with the bigger particles. 
Furthermore, the velocity profile in the Nepean River gravel system exhibits a close-to-linear 
velocity profile with only a minimal curvature. Even when the average particle diameter is only 
1.5 mm, the localised shear band is remarkably thicker than those in the 3 mm glass beads 
system. This is due to the irregular particle shapes along with increased inter-particle friction 
in the Nepean River gravel system that contribute to long-range stress transmission due to 
interlocking effects.  
It is important to link this shear band localisation back to the experiments conducted previously 
using this device. In general, the stress responses of shearing small glass beads with this device 
might be underestimated due to the localised shear bands. But the shear band in the natural soil 
is much thicker and much less localised, and the velocity profile shows a close-to-linear shape. 
Hence, we can conclude that the stress responses measured for the natural soils are less 
influenced by the localised shear band.  
It is also worthwhile to mention the vortex velocity field (at the bottom of the measured velocity 
field) observed in the regions close to the rotating sprockets, particularly for the Nepean River 
gravel (as circled in red in Figure 5-1). The load measurement is not largely influenced by this 
circular motion since all the measurements are taken in the central region, where the two shear 
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walls are parallel to each other. Notwithstanding, this issue has been addressed in the new SSD 
design by adjusting the geometry of the belt. The detailed design of the new SSD is further 
discussed in the next section.  
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Figure 5-1. Velocity field measured in the original SSD using PIV. From top to bottom: (1st 
row) velocity vectors on the z plane and the magnitudes (unit: m/s, red arrows indicate primary 
shear direction), (2nd row) averaging ݒ௭௬ over y-axis, (3rd row) the magnitudes of ݒ௭௬ over 
sample width (along x-axis), (4th row) its shear rate (derivatives of the corresponding velocity 
profiles) over sample width. From left to right: tested samples are (left) 3 mm glass beads, 
(middle) 14 mm glass beads and (right) Nepean River sand (diameter range: 1.18 mm ~ 2.36 
mm).  
 
The investigation of the velocity field in the original 3D SSD reveals some design issues that 
need to be taken into considerations in a new design. One primary issue is the shear band 
localised near the shear walls, particularly for small and spherical particles. The formation of 
shear bands is less favourable for a device that aims to achieve a linear velocity field, at least 
in its central region. To resolve it, the original SSD dimensions (that are constrained by the 
belt) are adjusted to give a slenderer shape. The distance between the two shear walls is reduced 
to only 30 mm and the length of parallel shear section is now increased to approximately 320 
mm, as indicated in Figure 5-2. It is expected that those modifications will favour a linear 
velocity profile between the shear walls, and, at the same time, minimise the influences of the 
circular motions induced by the sprockets at the two ends. In Section 5.1.3, we present the 
design details of the new SSD. In Section 5.2, we show that the velocity field in the modified 
SSD indicates a nearly linear shape and the vortex velocity field is only limited to two ends of 
the belt. We also compare the velocity field in the new SSD with the more traditional large 
shear displacement ring shear apparatus and the possible segregation of grains in the modified 
SSD.  
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                                             (a)                                                     (b) 
Figure 5-2. Schematic drawing of the plan view sample dimension in (a) original SSD and (b) 
modified SSD.  
 
5.1.3 Modified 3D SSD 
 
To address the problems in the original design of the SSD discussed in Section 5.1.2, a new 
design is proposed and presented in Figure 5-3. The overall design concept still follows the 
original one, except for the dimensions of the belt and the way of measuring the normal force. 
As indicated in Figure 5-3 (a), a polyurethane flat belt is driven by a 30 mm diameter sprocket 
coaxially installed under the motor and gearbox assembly. An idler sprocket is installed at the 
other end of the belt to allow the belt to continuously rotate under tension. The dimensions of 
the belt are 350 mm in projected length ൈ 30 mm in width ൈ 100 mm in height. The top view 
of the device in Figure 5-3 (b) indicates that two side plates, one on each side of the belt, 
prevent the belt from bending outward, but still allowing free horizontal motion with little 
friction thanks to two Teflon sheets between the side plates and the belt. In this case, the normal 
force induced by shearing the samples will push the two side plates, which will be detected by 
the load cells installed at four locations. Compared to the original design, where only two load 
cells are installed at the centre of the belt, installing four load cells at four corners can measure 
forces at more locations where possibly unbalanced forces can occur, hence it is expected to 
120 
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improve the accuracy of the load measurements (particularly the normal force). Moreover, this 
arrangement allows radiography of the device from the side by removing the metallic load cells 
from the line of sight. A top plate is also designed for vertically confining the materials at 
various pressures, and it is horizontally fixed by a top plate holder, as indicated in Figure 5-3 
(b), while being free to move in the vertical direction. The remaining parts of this chapter will 
focus on the velocity field generated by this new design, as the normal and shear stresses in 
this arrangement are expected to follow the trends previously described in the original 3D SSD. 
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(b) 
Figure 5-3. Pictures of the modified version of the SSD: (a) overview and (b) top view. 
 
5.2 VELOCITY FIELD IN RING SHEAR DEVICE AND MODIFIED SSD 
5.2.1 3D printed ring shear device 
 
To better assess the advantages and limitations of the SSD, we have compared its velocity 
profiles with those ones produced by a previously developed large deformation shear device, 
the ring shear device. We employed the 3D printing technology to build a ring shear device 
for this experiment. The top and bottom rings of the device are 3D-printed using Polylactic 
Acid (PLA) which has little X-ray absorption. The dimensions of the rings are carefully 
determined based on the particle size and the previously available ring shear design 
(Bromhead, 1979; Toyota et al., 2009) as indicated in Figure 5-4. The sample, 23 mm in 
height and 15 mm in thickness, is placed in a toroidal chamber with inner and outer diameters 
of 119 mm and 149 mm respectively. In our device, the top part (shaded in grey) is attached 
to a motor so it can rotate at various velocities, whereas the bottom trough is fixed at all time. 
The sample is confined vertically by a spring system installed at the centre of the top part. To 
eliminate the friction between these two parts, a gap is left between the static and rotating 
parts that is small enough, so particles would not escape.  
Side	plate	Teflon	sheet	
Top	plate
Top	plate	holder	
Load	cell	
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Figure 5-4. Schematic view (not to scale) of the cross section of the ring shear set-up for X-
ray radiography measurements.  
 
The method for measuring particle velocity in the ring shear device is the same as discussed in 
Section 5.1.1, except for the maximum energy and current used, here being 45 keV and 0.5 
mA, respectively, to accommodate for the thinner sample. The X-ray source is now positioned 
inside the inner ring, as shown in Figure 5-4, such that it would be possible to image only one 
side of the sample at a time, and the detector is located at the same height level of the X-ray 
source and at a distance of 0.398 m from the source. The limited distance between the source 
and the sample leads to a significant angle effect, i.e. the particle movements (also particle size) 
captured in the radiographs are enlarged by the X-ray beam angle. Considering that sample 
thickness in this set-up is only 15 mm that is relatively thin, a uniform angle factor is applied 
during the image processing to eliminate such an angle effect, and to rescale properly the 
distances measured on the imaging plane. The sample used in this experiment is a mixture of 
1 mm and 3 mm glass beads with 50%-50% proportion by weight and is sheared under three 
different velocities 0.043 m/s, 0.069 m/s and 0.118 m/s under 12 kPa confining vertical stress. 
15 
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5.2.2 Results and discussions  
5.2.2.1 Ring shear device 
 
We conducted shear tests on a binary mixture of 50% of 3 mm glass beads and 50% of 1 mm 
glass beads by weight at three velocities and under a fixed confining vertical stress of 15 kPa. 
The sample is placed in a trough with inner diameter of 119 mm and outer diameter of 149 mm, 
and height of the sample is 23 mm. Results presented in Figure 5-5 are the average velocity on 
the y plane over y direction and then over more than 1000 frames.  
Shear bands are clearly observed in all the pictures regardless of the shear velocity. Even at the 
largest shear velocity, half of the material remains essentially static. The shear band thickness 
does increase slightly with increasing shear velocity. The velocity fields and their 
corresponding shear rates at different shear velocities are then averaged over the y-axis and 
plotted against the sample width in Figure 5-5 (b). The mid-height of the sample is defined as 
zero in the plot. One can find that the shear band primarily localises to the top half of the sample, 
with the width of shear band increasing from 8 mm at low shear velocity to approximately 
15 mm at highest shear velocity. Given that the average grain diameter is 2 mm, the shear band 
is in a range from 4 to 7 particles wide. The nonlinear velocity profile, or nonuniformity of the 
shear rate in ring shear devices, has been indicated in previous studies (Lagatta, 1970; 
Bromhead, 1979; Gdrmidi, 2004; Sadrekarimi and Olson, 2009; 2009), in which shear is 
observed localised to a few particle layers close to the shear plate.  
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0.009 m/s                                0.043 m/s                                    0.118 m/s 
 
 
(a) 
 
                                      (b)                                                                 (c) 
Figure 5-5. Binary mixture of 50% 3 mm glass beads and 50% 1 mm glass beads by weight is 
sheared under a confining pressure of 15 kPa at three velocities of 0.009 m/s (red circles), 
0.043 m/s (blue circles) and 0.118 m/s (black circles): (a) velocity field (unit: m/s, red arrows 
indicate primary shear direction) on the y plane , (b) Average ݒ௬௫ over the x direction and (c) 
its shear rate over the x direction plotted against sample depth (along z-axis). 
 
This phenomenon can be a great source of error in determining the shear strength of sample. 
Uniform mobilisation of shear stress between the shear platens, either along the sample depth 
or sample width, is commonly assumed for studying the shear strength of granular materials 
when using the ring shear device. However, the fact that the shear band mobilises only a layer 
of a few particles may lead to an underestimation of the actual shear strength. Although the 
characteristics of shear band formation can be quantitatively studied by conducting robust 
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experiments, this will add more uncertainties in determining the shear strength of the granular 
materials than developing an apparatus that can achieve a more linear velocity profile.    
 
5.2.2.2 Modified version of the SSD 
 
The use of multiple radiographic projection angles has been suggested for reconstructing a full-
3D velocity field that includes out-of-plane particle movement information (Im et al., 2007; 
Fouras et al., 2009; Dubsky et al., 2010). In our experiment, we aim to explore the velocity 
field across the shear walls at various sample depths, hence, two X-ray sources positioned 
perpendicularly to each other are employed. One is placed vertically on top of the sample, and 
the other one is facing the side of the sample. The distance from both X-ray sources to the 
centre of the sample is 0.745 m. We operate the X-ray at a maximum energy of 120 keV and a 
maximum current of 3 mA for this experiment. Particle movements are examined under 
different test conditions. Specifically, we first explore the velocity field at different confining 
pressures, then the sample height and its influence on the velocity field is studied. Another 
variable we consider in this research is how the velocity field varies with the shear velocity.  
We applied a 3D flow field reconstruction technique termed “X-ray Rheography” developed 
in the DynamiX laboratory by Baker et al. (2018). Unlike the PIV method, which considers 
only the peaks of the probability density functions (PDFs) of cross-correlation to deduce the 
most likely displacement of two sequential images, the new technique considers the whole 
cross-correlation functions, so additional information on the out-of-plane variation of the flow 
field can be revealed.  
Specifically, successive radiographs recorded during the experiments are first divided into 
interrogation windows, with a size dependent on the particle sizes. For each patch, the cross-
correlation functions are calculated from solving a deconvolution inverse problem. Hence the 
probability density functions (PDFs) of in-plane displacements for each given patch are 
generated. The PDFs are then discretised by taking equally-spaced percentiles into vectors of 
candidate velocities for two planar components. Following this method, the particle 
displacement in the direction along the X-ray beam is disclosed. To construct the full 3D 
velocity field, the radiographs captured by the orthogonal detector are required. The next step 
is setting the correct link between two sets of candidate arrays, which is treated as a simple 
optimisation problem that aims to minimise the discrepancies between the two sets of arrays. 
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The output value is by taking the mean of the chosen two vectors in each cell. Considering that 
the optimised solution found depends on the computation order, several initial conditions for 
the reconstruction are tried and the average of these solutions is taken as the final field.  
For our experiments, the only velocity component we are interested is the velocity component 
in the major shear direction. The particle movement in vertical direction is not considered in 
this study, simplifying the reconstruction. 
The sample used in this set of experiments is the same as the one in the ring shear tests: 50% 
of 3 mm glass beads and 50% of 1 mm glass beads by weight. Several test conditions are 
considered in this study. Firstly, we examined the velocity profile under a vertical confining 
stress level comparable to the one used in the ring shear experiments. The stress level is then 
lowered incrementally to zero, to end up with a free surface condition, in order to inspect the 
influence of the confining pressure on the velocity field. Moreover, the sample height is also 
increased from roughly 20 mm, the same sample height in ring shear test, to about 60 mm, 
corresponding to a sample height to width ratio (H/W) increasing from 0.67 to 2. Another 
variable we studied is the imposed nominal shear rate and its influence on the velocity field. 
The results shown below are firstly averaged over more than 1000 frames then averaged across 
the primary shear direction.  
 
5.2.2.2.1 Vertical confining stress effect 
 
To compare the velocity fields obtained using the modified SSD with the ring shear 
experiments, we conducted shear tests on the same binary mixture at comparable shear rates 
and vertical confining stresses. The height of the sample in this experiment is 23 mm, similar 
to the sample height in the ring shear test.  
The velocity field shown in Figure 5-6 represents the magnitude of the velocity between the 
two parallel shear walls. It is captured by positioning a X-ray source at a distance on top of the 
centre of the sample, and a detector positioned under the sample to record the particle 
movement information across the width of the moving belt. The velocity field shown in Figure 
5-6 is our Range of Interest (ROI) that is selected from an area that has no obstacles and is far 
enough from the possible vortex flow created by the sprocket rotation. The coordinate system 
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adopted in this system is the same as that shows in Figure 3-8: x-axis and y-axis indicate the 
direction of width and length of the sample and z-axis indicates depth of the sample. 
It is clearly visible in Figure 5-6 (a) that the velocity magnitude on the z plane is symmetrical 
with respect to the y-axis, the centreline of the sample in the major shear direction. One can 
also easily observe the uniformity of the velocity magnitude along the y direction. Hence, 
averaging the z-plane velocity field along the y direction is a good representation of the velocity 
field in the selected ROI. The bulk velocity averaged in such a way is then plotted against the 
sample width in Figure 5-6 (b). A “S” shape velocity profile is observed across the width of 
the sample. Specifically, the velocity magnitude decreases from roughly 1 mm/s at both 
boundaries to almost zero in the very centre of the sample (about 4 mm width). Furthermore, 
the shear rate, i.e. the derivative of the velocity profile, is also plotted against the sample width. 
It clearly shows a greater shear rate close to the shear belt than at the centre of sample. Figure 
5-6 (d-e) compares the average bulk velocity profiles and shear rates, respectively, at three 
confining pressures including free surface, 2kPa and 15kPa. It shows that the velocity profile 
becomes relatively linear when the vertical confining stress reduces to zero, i.e. in the free 
surface test. The large difference in velocity profile between the free surface and low confining 
pressure experiments is probably due to the added friction from the top plate. Despite the fact 
that a 4mm wide zero-shear region appears in the centre of the sample, the shearing zone is still 
much wider than in the ring shear configuration (at least in terms of the shear velocity profile), 
where under the same vertical confining stress half of the sample is not sheared.  
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                                     (d)                                                                  (e) 
Figure 5-6. The binary mixture of 50% 3 mm glass beads and 50% 1 mm glass beads by weight 
is sheared at a fixed velocity in SSD under three confining pressures: (a) Velocity field on the 
z plane and their magnitudes shown in colour under 15 kPa vertical confining stress (velocity 
unit: m/s, red arrows indicate primary shear direction), (b, c) Average ݒ௭௬ and its shear rate in 
y direction plotted against sample width at 15 kPa vertical confining stress, and (d, e) Averaged 
ݒ௭௬  and its shear rate plotted against sample width ( along x-axis) under three confining 
pressures.   
 
From these experiments, we may be tempted to conclude that the confining stress acting on the 
plane perpedicular to the major shear plane influence the formation of the linear velocity profile.  
A higher vertical confining stress seems to lead to a more “S”-shaped velocity profile. 
Suprisingly, Miller (2014) observed an opposite tendency when he increased the confining 
stress acting on the major shear plane in the 2D SSD, i.e. a higher curvature of the velocity 
profile at lower confining stress, and lower curvavture at higher confining stresses. However, 
in addition to the friction effect and the fact the confining stress acts on different planes for the 
2D and 3D SSD, we believe two other reasons can explain these observations. Firstly, we 
noticed some particles escaping from the gap between the top plate and the belt under high 
vertical pressures. Those particles are now forming a line and moving with the shearing belt 
along the shear boundary at a much faster velocity than those particles underneath the top plate. 
In that case, the velocity close to the shear boundary recorded in the radiography might be from 
those escaped particles, possibly leading to the observed “S”shaped velocity profiles.  
However, perhaps the most realistic explanation, we believe, is the stick-slip of the belt under 
relative high vertical confining stress level. Specifically, we observed that the belt tends to slip 
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more as the confining pressures increase, which leads to a poor transimition of the motor torque 
into shearing the material. Subsequently, the belt exhibits a stick-slip motion and the size of 
the shear band varies dynamically, sometimes only localised within the thin particle layers 
close to the shear plane, sometimes a bit more, while a true critical-state is never reached.  In 
this case, the results plotted in Figure 5-6, which are averaged over several frames invloving 
both sticks and slips episodes are limited to an intermittent state, away from critical state 
conditions. Due to the stick-slip motion, the size of shear band varies dynamically. The shear 
band can only localise within a thin particle layers close to the shear belt and can hardly spread 
to the centre of sample, particularly under high pressure. So the grain velocities close to the 
shear walls are higher than the grain velocities further away from the shear boundary. The 
obvious solution would be to introduce a higher torque input for the granular medium in order 
to reach its critical state. On the other hand, the results presented in this section can provide 
some insights on the slip-stick study. Our expectation is that a purely linear velocity profile 
may actually be achieved under the high vertical confining stresses if enough torque will be 
imposed on the sample. 
 
5.2.2.2.2 Sample height effect 
 
The velocity field is further studied by testing the same sample with different sample heights 
of 23 mm, 40 mm and 60 mm, corresponding to the sample height/width ratio of 0.77, 1.3 and 
2, respectively. The same binary mixture is used in this experiment, which is sheared at a fixed 
velocity of 0.03 m/s under no vertical confining pressure. Figure 5-7 (a) shows the average 
velocity profile between the shear walls at various heights within the sample, of which the z/H 
= 0 represents the bottom of the sample and z/H = 1 represents the top of the sample. Thanks 
to the two orthogonal sets of the X-ray radiography, we are able to investigate the velocity field 
in three dimensions by using the X-ray Rheography (Baker et al., 2018). The total sample 
height is 23 mm. In general, the shape of velocity profiles is relatively linear at all depths, with 
the magnitude of the velocity slightly higher at top half of the sample, i.e. for z/H greater than 
0.57. Such features are more visible when shearing sample with 40 mm and 60 mm in height, 
as indicated in Figure 5-7 (b, c). Particularly, when z/H is equal to 0.86 or 1, the velocity at all 
depths is 0.5 mm/s ~ 1 mm/s higher than the shear velocity at deeper depth, with the largest 
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variation found close to the shear boundary. It is also noticeable in Figure 5-7 (b, c), the shape 
of the velocity profiles at shallow depth are more linear than those at deeper depth.  
Regarding the shear rate, one can find that it fluctuates generally between 0 ~ 0.5 ݏିଵ  in 
magnitude, while the imposed shear rate from the belt is at 2 ݏିଵ. Such a difference indicates 
the slip motion of the belt occurring in the system primarily due to the smooth surface contact 
of the belt. The shear rate decreases from its maximum close to the shear boundary to the 
minimum at the mid-span between two shear walls. 
The variation in velocity profiles for particles at different depths, particularly for the case of 
height/width ratio greater than 1, is possibly caused by the friction between moving particles 
and the bottom plate. Such a friction will hold back the formation of the linear velocity profile, 
as well as slowing down the bulk velocity. It is clearly illustrated in the case of 40 mm and 
60 mm in sample height, the velocity close to the top surface (and sufficient far from the bottom) 
displays a more linear profile with greater magnitude. By contrast, there is no such big 
variations along the sample height indicated in the velocity profiles of 23 mm-height sample. 
It is possibly because the velocity profile in the top layer particles is affected by the friction 
induced by the bottom plate given that the sample thickness is very small. 
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                                     (a) (b) 
  
                                     (c)                                                                   (d) 
  
                                    (e)                                                                   (f) 
Figure 5-7. The binary mixture of 50% 3 mm glass beads and 50% 1 mm glass beads by weight 
sheared under free surface condition and fixed shear velocity of 0.03 m/s with three sample 
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heights: (a, b) 23 mm, (c, d) 40 mm and (e, f) 60 mm. In each panel, the average velocity ݒ௭௬ 
and its shear rate are plotted against sample width (x-axis) at various heights within the sample.  
 
Next, we investigate the velocity profiles in two groups along the height, the top half (notated 
“T”) and bottom half (notated “B”), as well as the average of these velocity profiles, as plotted 
in Figure 5-8 for the three different height samples. It is noticeable that the average velocity 
profiles in the top half have higher values and more linear shapes than those in the bottom half 
for all three samples. Among which, the difference is more distinct for the sample with 
height/width of 40/30 and 60/20. Moreover, the velocity profiles between the shear walls 
display a more pronounced “S” shape for the 20/60 sample, while the velocity profile 
approaches a linear shape as the height/ratio increases to 2. Given that the experiments were 
carried out under the free surface condition, the gravity effect of the sample is not ignorable 
and could possibly cause this difference. Since the wall of the shear belt is uniform throughout 
the depth, the friction induced by the bottom plate could be another reason to account for such 
variations. However, one should recall that from the DEM simulations we concluded that the 
top and bottom frictions do not play a significant role, contradicting this explanation. More 
robust experiments are therefore needed to further study such friction effects. Nonetheless, we 
still suggest preparing samples at a height that is at least greater than its width in future SSD 
experiments in order to eliminate the possible effects of friction caused by the bottom plate. 
 
                                        (a)                                                               (b) 
Figure 5-8. A comparison of the (a) velocity ݒ௭௬ and (b) shear rate profiles in Figure 5-7 after 
averaging over the top half (squared symbols) and bottom half (circle symbols) of the sample.  
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5.2.2.2.3 Shear velocity effect 
 
We also investigate particle movement for different imposed shear velocities. For that purpose, 
results are plotted as velocity profiles at five sample depths equally distributed from bottom to 
top, as shown in Figure 5-9. The height of sample (the binary mixture with 50% 3 mm and 50% 
1 mm glass beads by weight) in this experiment is kept fixed at 60 mm. For this case, the 
sample is sheared at two velocities of 0.01 m/s and 0.04 m/s and free surface condition. A linear 
velocity profile is visible in all the plotted sample depths for both cases of slow, and relatively 
fast imposed velocities. All the velocity profiles are symmetrical with respect to the y-axis, as 
indicated in Figure 5-6 (a), and are found to be approximately zero at the midspan of sample 
width.  
Moreover, in each case, the magnitude of the velocity is in general greater at shallow depths 
than the velocity at deeper depths. For example, in Figure 5-9 (a), the average bulk velocity for 
particles at the bottom starts from around 1.8 mm/s near the boundary, which linearly reduces 
to 0 in the centre; before increasing again linearly to 1.8 mm/s in the opposite direction. In 
contrast, the velocity profile at the top surface of the sample is a linear line starting from around 
3.7 mm/s, passing through zero in the middle, then growing back to an absolute value of at 
approximately 3.7 mm/s along the other shear boundary. Again, the friction induced by the 
bottom plate may play a role in controlling these differences between the observations from 
different depths. Additionally, in both cases the shear rate fluctuates within a small range, 
indicating an essentially linear velocity profile between the shear planes.  
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                                      (a)                                                                 (b) 
 
                                     (c)                                                                  (d) 
Figure 5-9. The binary mixture of 50% 3 mm glass beads and 50% 1 mm glass beads by weight 
is sheared in free surface condition at two shear velocities: (a, b) 4 mm/s and (c, d) 10 mm/s.  
In each figure, the average velocity ݒ௭௬	and its shear rate are plotted against sample width (x-
axis) at various sample heights.  
 
Furthermore, the velocity and shear rate after averaging over the sample height are plotted for 
both shear velocities in Figure 5-10. One can find that the velocity profile across the shear belt 
is quite linear in shape for both imposed shear velocities, although showing a weaker curvature 
for the high velocity case. The same tendency was observed by Miller (2014) in the 2D SSD, 
with the increase of the shear rate from 0.08/s to 1.00/s.  
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                                     (a)                                                                  (b) 
Figure 5-10. A comparison of the (a) velocity ݒ௭௬ (red circles: 10 mm/s, black circles: 4 mm/s) 
and (b) shear rate profiles (red circles: 10 mm/s, black circles: 4 mm/s) from Figure 5-9 after 
averaging along the sample height. 
The fairly linear velocity profiles in the new SSD indicates that the modification in the belt 
geometry contributes towards to a more uniform shear rate across the shear planes, for particle 
sizes that are normally classified as fine gravels in natural soils. In addition, the shear bands 
are less localised near the shear boundaries in comparison with the original design. However, 
the current setup of the device has limited the velocity field investigation to either free surface 
flow or under very low vertical confining stress, and restricted the shear velocity to vary only 
limitedly. This is primarily because the belt slips along the sprockets. The replacement of the 
timing belt used in the original SSD by a friction driven belt in the modified SSD increased the 
risk of belt slip against the driving gear, particularly when the shear requires high torque, and 
therefore limits the range of accessible confining pressures.  
To resolve this issue, one possibility could be to cut a line of small windows on top of the belt, 
like a roll film used in vintage cameras, where the distance between two adjacent windows 
should be determined in a way that the windows would match the teeth of the sprocket, so the 
sprocket can drive the belt with these cutting windows. Besides, slip between the belt and 
particles is another problem observed during radiography of this device. A possible solution is 
gluing particles to the inner side of the belt that are similar (at least in size) to the particles in 
the samples. These promising modifications are left for future extensions. 
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5.3 DYNAMICS OF PARTICLE SEGREGATION IN THE MODIFIED SSD 
 
In addition to the velocity field investigated in the ring shear and Stadium Shear devices, we 
have observed some particle segregation in the 3D SSD, particularly for the free surface tests. 
In the following we employ a Fourier transform-based algorithm developed by Guillard et al. 
(2017) to obtain the particle size evolution at various heights within the sample, and thus reveal 
the dynamic of size segregation occurring in the SSD. In this section, we briefly explain the 
technique used in processing the X-ray radiography and present some preliminary results for 
particle segregation.  
 
5.3.1 Methodology 
 
The method, called the Fabric determination technique, was developed by Guillard et al. (2017). 
It can measure material fabric characteristics, including particle size and particle shape 
orientation, directly using the density measurement from a radiograph. For our case, we are 
particularly interested in the particle size variations at various depths. It is known that the 
spatial wavelength of a radiograph is affected by the size of the particles; thus, one can 
investigate the radiography wavelength to capture the particle segregation during the tests.  
Specifically, we executed the technique on the X-ray radiographies obtained from the detector 
facing the side of the sample, which reveals the particle size information along the sample 
height. Two cases are analysed: 
Case 1: a binary mixture (50% 3 mm glass beads and 50% 1 mm glass beads in weight 
proportion) with 60 mm height sheared under the free surface condition at a shear velocity of 
10 mm/s which is measured within the particle layers close to the shear boundary;  
Case 2: the same mixture with 23 mm height is sheared under free surface condition at a 
comparable velocity.  
Note that the radiographies obtained for the cases above are at a resolution of 960 px ൈ 768 px 
and 1536 px ൈ 1920 px, respectively.  
For both cases, we firstly cropped all the radiographs to the particle region of interest, which 
resized the images to 950 px ൈ 345 px for case 1 and 1900 px ൈ 286 px for case 2. Each 
radiography is then divided into square patches of width 80 pixels and 96 pixels for case 1 and 
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case 2, respectively. The overlap between each patch is 50% and 75%, leading to 7 patches and 
8 patches along the sample height for case 1 and case 2, accordingly. The overlap size is 
modified between case 1 and case 2 to allow enough vertical resolution for the thin sample, 
while keeping the patch size large enough to ensure sufficient representation of the 3 mm large 
particles in each patch. 
Figure 5-11 demonstrates an example of application of Guillard et al. (2017)’s fabric 
determination technique in case 1. The radiograph is first divided into square patches in Figure 
5-11 (a), and then scaled by a radial hamming window shown in Figure 5-11 (b), expressed as 
ࣱሺrሻ ൌ cosሺ2πr/wሻ/2, where r is the distance from centre of the patch to each pixel and w 
is the patch width. Afterwards, a two-dimensional Fourier transform is applied to each patch, 
expressed as: 
                                    ܵሺ݇ሻ ൌ ห∬ ܫሺݔሻ ൈࣱ൫ݎሺݔሻ൯݁ݔ݌	ሺ2݅ߨ݇ ∙ ݔሻ݀ݔหଶ,                             5-1 
leading to the power spectrum S (Figure 5-11 (c)) as a function of the wavevector k, with Iሺxሻ 
representing the intensity of the pixel at location x  in the patch. The typical size of the particles 
is then calculated through the characteristic wavelengths of the density fluctuations on the 
radiographs using an orthoradial summation of the power spectrum (Prum et al., 1998; 
Stępniowski et al., 2013). In the end, energy will be plotted against particle sizes, where the 
peak of energy curve reflects the relative proportion of each particle size.  
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Figure 5-11. Fabric determination technique proposed by Guillard et al. (2017) and the 
application to Case 1: (a) patches of 80 ൈ 80 pixels are extracted from a radiograph, (b) a 
hamming circular window for scaling the patches, (c) a two-dimensional Fourier transform is 
applied to each patch, (d) the spectrum is summed on circular shells, and (e) energy (in arbitrary 
unit) distribution function of the particle diameter.  
 
5.3.2 Results and discussion 
 
To explore the effect of particle segregation in both thick and thin samples, we plotted the 
energy distribution against the particle size in the top and bottom parts of the sample, as shown 
in Figure 5-12. The radiographs in Figure 5-12 are chosen from the first and last frames of each 
case, and are obtained with the detector facing the side of the sample.  
From the radiographs obtained in both cases, we can see that the big and small grains are mixed 
uniformly in the initial stage. However at the end of the shear, two layers of grains, with the 
3 mm grains at the top and 1 mm grains in the bottom are clearly visible in the last frame, 
regardless of the sample height. The proportion of each size of grains shown in the images in 
Figure 5-12 is roughly 50%   
Moreover, the plot the energy distribution after averaging over the entire length of one patch 
width, as outlined in red, gives a semi-quantitative indication of the proportion of small and 
large particles in the patch. 
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In Figure 5-12, two peaks, corresponding to approximately to 1 mm and 3 mm particle size are 
found in all the energy distribution curves at the selected location and frame, thus proving the 
accuracy of the technique in characterising particle size. Moreover, the variation in energy 
value between the first and last frames reveals the change in the proportion of each particle size 
in the corresponding sample height during shearing.  
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(c) 
 
(d) 
Figure 5-12. X-ray radiography captured from the side of the sample and energy (in arbitrary 
unit) distribution function of size average from: (a) Top and bottom of the sample at the 
beginning of case 1, (b) Top and bottom of the sample at the end of case 1, (c) Top and bottom 
of the sample at the beginning of case 2, and (d) Top and bottom of the sample at the end of 
case 2. 
 
The energy distributions at the top and bottom parts of the sample for the first and last frames 
are compared in Figure 5-13 (a) for case 1 and Figure 5-13 (b) for case 2. The dotted lines 
represent the energy distribution from the beginning of the experiment, whereas the solid lines 
represent the end of the experiment.  In Figure 5-13 (a), an increase of energy at the top is 
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visible with particle diameter of 3 mm from the first to the last frame, while a lower energy is 
shown at bottom with this particle size. By contrast, an opposite tendency is revealed for 1 mm 
particles, but not as obvious as the trend for the big ones. Thus, one can conclude that the 
particles segregate when sheared, with the big ones moving upwards and small ones moving 
downwards. This phenomenon is widely acknowledged by many researchers (Savage and Lun, 
1988; Gray and Thornton, 2005; Rognon et al., 2007; Marks et al., 2012).  
 
                                           (a)                                                                    (b) 
Figure 5-13. Scaled energy distribution plotted against particle diameter at the top and bottom 
of a sample for the first frame (dotted line) and last frame (solid line) of (a) Case 1 and (b) 
Case 2.  
 
Figure 5-14 shows the evolution of the ratio of big grains to small grains along the sample 
height, plotted as a colormap. The energy ratio is rescaled between the average energy at the 
bottom and at the top in the last frame in order to obtain the energy value between 0 and 1. 
Although a full calibration of the measurement method with samples of various known particle 
fractions could allow in principle quantitative measurement of the individual ratios, this was 
not performed here and only “semi-quantitative” measurements are therefore provided. Note 
that a 20-frame window is used to smooth the data - over 2000 frames are obtained during the 
entire experiment.  
In Figure 5-14 (a) and Figure 5-14 (b), it is pronounced that the energy ratio increases with 
time at the top of the sample, but decreases at the bottom of the sample. As indicated in dashed 
lines, the ratio for the mixtures in different heights, varies in the first 40 s of shearing, and 
remains constant after that. Given that the shear velocity close to the belt is roughly 10 mm/s, 
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40 s of shearing is approximately equal to 400 mm shear displacement. That is to say, the time 
needed for binary mixtures to segregate with the height of the mixtures are irrelevant, at least 
for the samples tested in this research.  
 
                                           (a)                                                                    (b) 
Figure 5-14. The evolution of energy spectrum of the scaled ratio of peak energies for 3 mm 
and 1 mm spatial wavelengths plotted with the sample height for (a) Case 1 and (b) Case 2.  
It would be greatly important to carry out more robust tests to quantitatively study the role of 
particle segregation in the device, especially under higher stresses. Nonetheless, the 
preliminary results included in this section provide an insight into the possibility of grain 
segregation not just in the SSD, but also in other continuously shearing devices. Further study 
on this topic is of significance as the uniformity of the sample is a crucial assumption made in 
determining the soil strength, and the method used here provides a direct characterisation that 
is able to give important insights into the material. If particle segregation does occur in sheared 
samples, the shear strength measured could be primarily induced by the larger grains at the top 
or the small grains at the bottom of the sample, which may not be representative of the actual 
strength of the material.  
5.4 SUMMARY 
 
In this chapter, we first investigated the velocity profile in the original SSD, where a thin 
localised shear band was found close to the shear boundaries particularly for shearing small 
grains. Hence, a new design of the SSD was proposed with a slenderer geometry. We found 
that the modified SSD produced more linear velocity profiles across the shear walls even with 
small size grains like 1 mm. By contrast, nearly half of the thickness of the sample in ring shear 
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device remains still at the comparable shear velocity. We further studied the velocity profiles 
in the modified SSD by varying vertical confining stress, sample height and shear velocity. We 
found that the velocity becomes less linear with higher vertical confining stress, possibly due 
to the stick-slip of the belt occurring more often under higher vertical confining stresses. We 
also indicated that the velocity profiles of the particle layers close to the bottom plate are 
disturbed by the friction induced by the bottom plate; hence, a height/width ratio greater than 
1 is suggested to eliminate such friction. Moreover, we showed that the velocity profiles start 
to present slight curvatures with increasing shear velocity.  
Additionally, particle segregation was noticed in binary mixtures (50% 3 mm glass beads and 
50% 1 mm glass beads by weight) in different heights. From the dynamic X-ray radiography, 
one can find big grains at top of the sample and small ones at bottom of the sample. This topic 
requires further investigation, since the common assumption of the material uniformity within 
the sample is generally made at the start of the test, while determining the soil strength using 
large shear deformation devices. However, if the measurements are taken from segregated 
samples, the obtained results might not be representative of the actual strength of the uniform 
sample.  
Recommendations are also made to the future design of the SSD. We propose a new design of 
the belt and sprocket system: the belt can be customised as the camera film where a line of 
holes is cut on top of the belt that is matching to the teeth of the sprocket. With this, we hope, 
the system would better engage the force between the sprocket and the belt. Furthermore, in 
order to avoid the slip between the shearing belt and the particles, a layer of similar particles 
(in terms of size) could be glued to the inside wall of the belt. A more powerful torque input is 
also recommended in order to drive the belt under higher vertical confining stresses.   
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6 CONCLUSION 
 
This Thesis has introduced a new shear device, the 3D Stadium Shear Device (SSD), that has 
been devoted to the study of shear behaviour of granular soils under the large deformations and 
low shear stresses. The device can indefinitely shear granular system, while simultaneously 
measuring shear and normal stresses, and the vertical displacement during shear. The device is 
designed in a manner that can impose a uniform stress and linear velocity in the central region 
of the sample. We have developed a variety of techniques in the design to avoid small particles 
escaping from the boundaries. An automatic data acquisition system has also been incorporated 
as part of the design to reduce the need for supervision during tests.  
In Chapter 3, a detailed calibration procedure was developed for the measurement devices 
installed in the 3D SSD including its torque meter, load cells and the device itself. The 
calibration was designed in a manner that could accurately measure the forces and eliminate 
the mechanical frictions. A Discrete Element Model (DEM) was created to simulate the stress 
conditions developed in this configuration. It simulated a slice of system of 3 mm glass spheres 
in the central region of the sheared sample, replicating closely the actual shearing conditions 
in the device. The simulation accurately captured the stress responses during such experiments, 
and was cross-validated with the experimental results measured by the SSD. Furthermore, the 
DEM model demonstrated that the stress uniformity in the SSD configuration is advantageous 
for determining shear properties of granular materials. Moreover, it illustrated that the two 
lateral stresses (stress acting on the major shear plane and stress orthogonal to it) are equal 
during shear, at least for isotropic shaped particles like glass beads. With the assistance of the 
DEM, we were able to obtain four non-zero stress components including the vertical confining 
stress, the measured and evaluated lateral stresses, and the imposed shear stress. From these 
four stress components, three dimensionless stress ratios were defined: the friction coefficient 
μ, the lateral stress coefficient k and the ratio s between the normal stress acting on the major 
shear plane and the stress orthogonal to it. A general stress state analysis was then carried out 
by employing Mohr’s circles. At the end of Chapter 3, we outlined the experimental protocols 
in detail that were developed for properly operating the 3D SSD for different experimental 
purpose.  
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To test the performance of the device, we firstly conducted large shear experiments with glass 
beads and Jasmine rice presented in Chapter 4. The tests successfully demonstrated the 
effectiveness of this device in capturing the mechanical properties of granular media as they 
reach the critical state. The results also indicated the different characteristics of the attainment 
of critical state by shearing particles of various shapes. In addition, the device showed its 
capability for measuring stress responses under different vertical confining stresses, where a 
negative correlation was found between μ and k and the vertical confining stress.  
The tests using the 3D SSD were thereafter expanded to a wide range of natural soils of various 
properties including particle shapes, particle gradations and initial packing conditions. Results 
obtained by the 3D SSD were compared with previous studies. Herein we found that the critical 
state friction angle decreases with increasing particle convexity and roundness, but increases 
with increasing particle elongation. This tendency is, in general, agrees with the literature, but 
shows higher values of friction angles at the critical state (φୡୱ). Given that the values from the 
literature were measured by direct shear tests where an overestimation of φୡୱ is often reported, 
while at the same time, φୡୱ decreases with increasing confining stress, the results obtained by 
the 3D SSD is justiciable. 
With respect to the influence of the characteristics of particle grading, using the SSD we found 
that, in general, adding more gravel up to a certain percentage induced a higher shear strength 
and a higher dilatancy potentials. Also, we suggested, instead of the gravel content, the shear 
strength and dilatancy could also be investigated against the coefficient of uniformity, as it 
could better capture nature of the particle size distributions.  
The device also captured the effects of the initial packing conditions on the peak and critical 
state shear strengths. The results showed that the peak friction angle μ୮ and peak lateral stress 
coefficient k୫ୟ୶ increased with the relative density whereas the critical state friction angle μୡୱ 
and kୡୱ  are independent of the relative densities. The dilatancy rate was found to be positively 
correlated with the initial relative density. We further explored the relative density and its 
correlations with the friction and dilatancy angles by relating both φ୮ െ φୡୱ and ψ୮ to the 
dilatancy index Iୖ, where Iୖ is a function of the relative density and vertical confining stress. 
A correlation between φ୮ െ φୡୱ  and ψ୮  was then found specifically for the 3D SSD 
configuration.  
In Chapter 4 we discussed some general behaviours that are true for all the tests conducted with 
3D SSD under low stress levels. Firstly, the lateral stress coefficient at critical state kୡୱ is close 
147 
 
to unity in all tests, regardless of the particle shapes, sample packing conditions and particle 
size distributions. Secondly, the shear and normal stress softening characterised by the ratios 
between peak stress and critical stress are comparable. Thirdly, we find that all the samples 
tested in this Thesis dilate to their loosest possible packing states (Dr = 0) at the large shear 
displacement under low vertical confining stresses. 
Moreover, the shear rate dependencies of μ and k were investigated by operating the 3D SSD 
at various shear velocities with round particles (glass beads) and sub-angular particles (Nepean 
River sand). The results indicated no shear rate dependency of μ for shearing glass beads at the 
range of tested shear rates, whereas a positive shear rate dependency of μ was indicated with 
shearing Nepean River sand. The value of k showed rate independence with values close to 
unity for both the round and sub-angular particles.  
In Chapter 5, we employed dynamic X-ray radiography to further explore this device at the 
internal local scale. A thin localised shear band close to the shear boundary was observed, 
particularly for sheared systems with small grains. To resolve this issue, a second design of the 
SSD was proposed with a slenderer geometry, which eliminate the shear band as less particles 
are sheared across the shear walls. Besides, four load cells were installed at four corners where 
possibly unbalanced forces can occur, so the load can be measured in a more appropriate 
manner. We found that the modified SSD produced velocity profiles that follow a more linear 
shape across the shear walls, even with small size grains like 1 mm. By contrast, nearly half of 
the thickness of the sample in the ring shear device remained still at the comparable shear 
velocities. The velocity profiles were then further investigated at different sample depths, by 
employing the 3D velocimetry techniques X-ray Rheography proposed by Baker et al. (2018). 
Variables studied against the velocity profiles are the vertical confining stress, sample height 
and shear velocity. We found that the velocity become less linear with a higher vertical 
confining stress, possibly due to the stick-slip of the belt occurring more often under higher 
vertical confining stresses. It was also indicated that the velocity profiles of the particle layers 
close to the bottom plate were disturbed by the friction induced by the bottom plate; hence, a 
height/width ratio greater than 1 was suggested to eliminate such a friction effect. Regarding 
the shear velocity, the velocity profiles at all depths start to show “S” shape when increasing 
the shear velocity. 
Furthermore, particle segregation was noticed while testing the binary mixtures (50% 3 mm 
glass beads and 50% 1 mm glass beads by weight) of different heights. The particle fabric 
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determination technique (Guillard et al., 2017) was employed in this study. From the X-ray 
images, one can find that the bigger grains are migrating to the top of the sample while the 
smaller ones are found at the bottom. This topic is of great significance and should be further 
investigated because an assumption like the uniformity of the sample is generally made in 
determining the soil strength using large shear deformation devices. However, if the 
measurement is taken with the sample that is already segregated, it will not be the representative 
of the actual strength of the uniform sample.  
RECOMMENDATIONS AND FUTURE PERSPECTIVES 
 
The potential of the 3D Stadium Shear Device was only partly explored in this Thesis. More 
studies are needed in order to promote and generalise the 3D SSD in the geotechnical 
laboratories. Still, the results presented in this Thesis demonstrated the potential of this device, 
not only by indicating the attainment of generally accepted relationships, but also in revealing 
new information that was barely addressed in the past, particularly under low stress level. 
However, some design issues, as outlined below, should be addressed in the future. We also 
recommended to further numerically study the mechanisms developing within the device.  
Firstly, the belt-sprocket system in the new design has shown certain slip issues under confining 
pressures. To address this, two techniques are proposed. The first one is to make a line of small 
windows on top of the belt (like the camera film) for the teeth sprocket to drive the belt with 
more engagement force; second one is gluing the sample particles on the belt surface so the 
grains will shear with grains along the boundary. Moreover, a more powerful torque coupling 
with appropriate gearbox is required to vary the shear velocity and confining pressure in a 
wider range.  
Secondly, friction effects induced by the top/bottom plates are of great significance. Both the 
dynamic X-ray radiography and DEM simulations are recommended for further investigating 
the influence of such interfacial aspects to the velocity profiles and stress distributions. 
Furthermore, in-depth DEM simulations are suggested to understand the stress components 
within the sheared sample, particularly for the anisotropic shape particles. In this case, the 
assumption that the ratio of two lateral stresses is equal to 1 can be further proved even for 
anisotropic particles.  
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 Thirdly, particle segregation within the device is also important to study. The preliminary 
results included in this Thesis only provide an insight into the possibility of grain segregation, 
not just in the SSD, but also in other continuous shear devices.  If particles do segregate during 
tests, the assumption of the material uniformity will not be held, which could induce a source 
of error in the determination of the material strength. 
Lastly, the second device has not been studied in terms of the force responses in this Thesis. 
Given that the load cells are installed in a different way in this design, appropriate calibrations 
are essential in order to precisely measure the normal and shear forces generated by the sheared 
samples.   
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